
Supplementary Material

In this document, section 1 and the appendices contain working notes from the preliminary work on the
transformations between Jacobi coordinates and mixed Jacobi coordinates for the ABC model described
in the main paper, as well as more brief discussions on Delves and APH hypersperical coordinates and
tangent sphere coordinates. These are included as a guide for helpful reference. This preliminary work
is important for the more general many-body work planned for realistic calculations as these types of
coordinate transformations, with collision vector coordinates associated with DVR basis functions for
each arrangement, will be needed for the more complicated case. Test programs under development for
3-dimensional finite mixed-basis volume integrals and surface transformations may be found in public
repository https://github.com/ElliottKasoar/fortran/tree/parallel.

Section 2 gives some further details and further plots of the {p,p,p} calculations described in the main
paper. Section 3 gives further details of how short range (strong) interactions may be included in the
calculations.

1 COORDINATE SYSTEMS AND TRANSFORMATIONS

1.1 Jacobi coordinates: useful relations

For three bodies with masses Mα, where α = a, b, c, and positions relative to an origin fixed in the lab
xα, Jacobi coordinates are defined by [1]:

Rα = xα −
Mβxβ +Mγxγ

Mβ +Mγ

rα = xβ − xγ

These coordinates, illustrated in Figure 3 of the main paper, are most convenient when particle α is free,
while particles β and γ are bound together [1].

Total system mass, M , and three-body reduced mass, µ:

M = Mα +Mβ +Mγ

µ =

(
MαMβMγ

M

)1/2

Internal reduced masses, mα, and reduced channel masses, µα [2]:

mα = MβMγ/(Mβ +Mγ)

µα = MαMβMγ/(mαM)

Mass scaled coordinates [1]:
Sα = dαRα

sα = d−1
α rα
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where dα are dimensionless scaling factors

dα =

[
Mα

µ

(
1− Mα

M

)]1/2
Angle between Jacobi vectors [3]:

γα = cos−1

(
Sα · sα
SαSα

)
= cos−1

(
Rα · rα
Rαrα

)
Transform between arrangements [2]:(

ra
Ra

)
=

(
−MA/(MA +MB) 1

−MB(MA +MB +MC)/(MB +MA)(MB +MC) −MC/MB +MC)

)(
rc
Rc

)
=

(
−MA/(MA +MC) −1

MC(MA +MB +MC)/(B + C)(MA +MC) −MB/MB +MC)

)(
rb
Rb

)
or for scaled coordinates [1] (

Sβ

sβ

)
= T (χβα)

(
Sα

sα

)
where T is a 6x6 matrix

T (χβα) =

(
cos(χβα)1 sin(χβα)1
− sin(χβα)1 cos(χβα)1

)
where 1 is the 3x3 unit matrix.

For the symmetric definition of the three coordinates, the kinematic angles χβα for cyclic order are
negative, obtuse angles [1]

cosχβα = − µ

dαdβMγ

sinχβα = − 1

dαdβ

with useful identities including
χαα = 0

χαβ = −χβα

χαβ + χβγ + χγα = 2π

Transforming between BF axis systems [1]:(
S2
α

s2α

)
= R(2← 1)

(
S1
α

s1α

)
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where the superscript represents the axis system used and R(2← 1) is a 2×2 block diagonal matrix with
the rotation matrix R on each diagonal

R =

 cosΨ cosΘ cosΦ− sinΨ sinΦ sinΨ cosΘ cosΦ + cosΨ sinΦ − sinΘ cosΦ
− cosΨ cosΘ sinΦ− sinΨ cosΦ − sinΨ cosΘ sinΦ + cosΨ cosΦ sinΘ sinΦ

cosΨ sinΘ sinΨ sinΘ cosΘ


where Ψ, Θ and Φ are Euler angles that carry system 1 into system 2.

A 3D volume element dτ can be defined for a variety of integration variables [4]:

dτ = r2αR
2
α sin γαdrαdRαdγα

= r2α′R2
α′ sin γα′drα′dRα′dγα′

= r2αr
2
α′ sin γα′αdrαdrα′dγα′α

=

(
µαµα′

mαmα′

)3/2

R2
αR

2
α′ sin γα′αdRαdRα′dγα′α

where γα′α is the angle between R̂α′ and R̂α and γα′α is the angle between rα and rα′ . Similarly, integrals
may be defined using different coordinates [2]:∫

d3rαd2R̂α =

∫ ∞

0
drαr

2
α

∫ π

0
dγα sin γα

∫ 2π

0
dΦα

∫ 2π

0
dΨα

∫ π

0
dΘα sinΘα

∫ ∞

0
drαr

2
α

∫ π

0
dγα sin γα =

(
µαµβ
mαmβ

)3/2 ∫ ∞

0
dRβR

2
β

∫ ±π

0
sin γαβdγαβ

where ±π depends on whether γαβ > 0 or < 0. rα, rβ , γα, γβ in terms of (Rα, Rβ, γαβ) [2]:

rα = µα

[(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

]1/2

rβ = µβ

[(
Rβ

Mγ

)2

+

(
Rα

mα

)2

+ 2
RβRα

Mγmβ
cos γαβ

]1/2

cos γα = sgn(γβα)µα

(
Rα

Mγ
+

Rβ

mβ
cos γαβ

)/
rα

cos γβ = sgn(γαβ)µβ

(
Rβ

Mγ
+

Rα

mα
cos γαβ

)/
rβ

1.1.1 Finite integrals transformations from mixed to single Jacobi coordinates

We want to interface the inner region with the two external regions (eventually H2 + H̄ and products,
but first) H+

2 + p̄ and Pn + H. We can define the two R-matrix boundaries as Rα = Aα and Rβ = Aβ ,
from which we can use the PFARM code to propagate to asymptotic distances and fit to K-matrices (phase
shifts), transforming to Rα, rα, γα and Rβ, rβ, γβ at the Rα and Rβ boundaries respectively.
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At the Rα = Aα boundary:∫ Aα

0
dRαR

2
α

∫ Aβ

0
dRβR

2
β

∫ θαβ

0
dγαβ sin γαβ =

(
µαµβ
mαmβ

)−3/2 ∫ Aα

0
dRαR

2
α

∫ aα

0
drαr

2
α

∫ θα,max

θα,min

dγα sin γα

where

aα = µα

(
Rα

Mγ
+

Aβ

mβ

)
θα,min and θα,max can be obtained by respectively maximising and minimising:

cos θα = sgn(γβα)
µα
rα

Rα

Mγ
+ cos γαβ

−Rα

Mγ
cos γαβ ±

√(
rα
µα

)2

+

(
Rα

Mγ

)2

(cos2 γαβ − 1)


Similarly, at the Rβ = Aβ boundary:∫ Aα

0
dRαR

2
α

∫ Aβ

0
dRβR

2
β

∫ θαβ

0
dγαβ sin γαβ =

(
µαµβ
mαmβ

)−3/2 ∫ Aβ

0
dRβR

2
β

∫ aβ

0
drβr

2
β

∫ θβ,max

θβ,min

dγβ sin θβ

where

aβ = µβ

(
Rβ

Mγ
+

Aα

mα

)
θβ,min and θβ,max can be obtained by respectively maximising and minimising:

cos θβ = sgn(γαβ)
µβ
rβ

Rβ

Mγ
+ cos γαβ

−Rβ

Mγ
cos γαβ ±

√(
rβ
µβ

)2

+

(
Rβ

Mγ

)2

(cos2 γαβ − 1)


See Appendix 2 for examples of transformations at coordinates that may used for integration
limits. We may illustrate the geometrical constraints on γa limits in a single arrangement arising
from the transformed mixed-basis limits using the program jacobi.f90 under development at
https://github.com/ElliottKasoar/fortran/tree/parallel. The progam calculates the correct limits on the
fly and compares results for test integrals (using both Simpson’s rule and Monte Carlo techniques. With
integral limits taken to be 0 ≤ Rα ≤ 3, 0 ≤ Rβ ≤ 5, 0 ≤ γab ≤ π, Fig. S1 shows the variation of θα,min

and θα,max with rα for a typically large Rα value (around Rα = 2.7) and Fig. S2 shows the the restricted
variation of θα,min and θα,max with Rα for a typically large rα value (around rα ≥ 6). The preliminary
3-dimensional plot Fig. S3 is included for completeness and has some noise at rα = 0 and rα = 8 which
will be corrected.

1.1.2 Finite integrals transformations from single to mixed Jacobi coordinates

Transforming from (Rα, rα, γα) to (Rα, Rβ, γαβ):∫ Aα

0
dRαR

2
α

∫ aα

0
drαr

2
α

∫ θα

0
dγα sin γα =

(
µαµβ
mαmβ

)3/2 ∫ Aα

0
dRαR

2
α

∫ Aβ

0
dRβR

2
β

∫ θαβ,max

θαβ,min

dγαβ sin γαβ
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Transforming from (Rβ, rβ, γβ) to (Rα, Rβ, γαβ):∫ Aβ

0
dRβR

2
β

∫ aβ

0
drβr

2
β

∫ θβ

0
dγβ sin γβ =

(
µαµβ
mαmβ

)3/2 ∫ Aβ

0
dRβR

2
β

∫ Aα

0
dRαR

2
α

∫ θαβ,max

θαβ,min

dγαβ sin γαβ

See Appendix 3 for examples of transformations of coordinates that may used for integration limits.

1.1.3 Transformation of surface amplitudes at the boundary

In a general R-matrix calculation with boundary a0, surface amplitudes are defined as

a−1
0 wΓ

ik = ⟨Φ̄Γ
i |ΨΓ

k ⟩
′
r=a0

where Γ represents the conserved channel quantum numbers, Φ̄Γ
i are channel functions, ΨΓ

k are basis states
for the scattering wavefunction, and the prime on the Dirac brackets means that integration is carried out
over all space and spin coordinates except the radial coordinate, r.

The surface amplitudes will be calculated in the inner region, and so in our case will be defined for mixed
Jacobi coordinates. However, the propagation of the R-matrix in the external region will be carried out in
single Jacobi coordinates. A transformation of the surface amplitudes at the boundary will therefore be
necessary in order to obtain

a−1
0 wΓ′

ik = ⟨Φ̄Γ′
i |ΨΓ

k ⟩
′
r=a0

where the further primes indicate equivalent functions in single Jacobi coordinates.

Since a basis state, |bk⟩, may be written in terms of an expansion of another complete basis, |an⟩:

|bk⟩ =
N∑

n=1

|an⟩ ⟨an|bk⟩

the transformed amplitudes may be written as

a−1
0 wΓ′

ik =
∑
n

⟨Φ̄Γ′
i |Φ̄Γ

n⟩
′
r=a0
⟨Φ̄Γ

n|ΨΓ
k ⟩

′
r=a0

=
∑
n

⟨Φ̄Γ′
i |Φ̄Γ

n⟩
′
r=a0

a−1
0 wΓ

nk

and so
wΓ′
ik =

∑
n

⟨Φ̄Γ′
i |Φ̄Γ

n⟩
′
r=a0

wΓ
nk

1.2 Delves hyperspherical coordinates: useful relations

While the hyperradius is shared between all arrangements, the five hyperangles and axes are those of one
of three possible arrangements, and so the three arrangements are not treated symmetrically [1].

hyperradius, ρ, and Delves hyperangle, θDα [1]:

ρ = (S2
α + s2α)

1/2
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θDα = tan−1(sα/Sα)

with four space-fixed or body-fixed angles completing the set. Note that unlike θDα and γα (in the BF
system), ρ is shared by all three Jacobi coordinates, i.e.

ρ = (S2
a + s2a)

1/2 = (S2
b + s2b)

1/2 = (S2
c + s2c)

1/2

Transforming from hyperspherical coordinates to Jacobi [3]:

Sα = ρ cos θDα

sα = ρ sin θDα

Integration: ∫
dSαdsα =

∫ ∞

0
dSαS

2
α

∫ ∞

0
dsαs

2
α

∫
dŜα

∫
dŝα

=
1

4

∫ ∞

0
dρρ5

∫ π/2

0
dθDα sin

2(2θDα)

∫
dŜα

∫
dŝα

where in the SF system
dŜαdŝα = sinϑSαdϑSαdφSα sinϑsαdϑsαdφsα

and in the BF system
dŜΨdŝα = dΨα sinΘαdΘαdΦα sin γαdγα

where ϑ and φ are spherical polar angles of their respective subscripted vectors, Ψ, Θ and Φ are Euler
angles, and γα is the angle between Sα and sα, such that both angular integrations cover (4π)2 sr.

1.2.1 Coordinate transformations for finite integrals

α: ∫ ρmax

0
dρρ5

∫ θmax

0
dθDα sin

2(2θDα) = 4

∫ Aα

0
dSαS

2
α

∫ aα

0
dsαs

2
α

where
Aα = ρmax cos θmax

aα = ρmax sin θmax

1.3 APH coordinates

1.3.1 Notes

Adiabatically adjusting, principal axes hyperspherical (APH) coordinates: (ρ, θ, χi, αQ, βQ, γQ). The
BFQ axes are fixed on the instantaneous principle axes of inertia, and are related to the BFα axes by a
rotation about their common BF y axis. The internal coordinates treat all arrangements equally and swing
smoothly during the course of the reaction [1].
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1.3.2 Transformation to Jacobi coordinates

In terms of scaled Jacobi coordinates [1]:

ρ = (S2
α + s2α)

1/2

sin(2χα) =
2Sα · sα√

(S2
α − s2α)

2 + (2Sα · sα)2

cos(2χα) =
S2
α − s2α√

(S2
α − s2α)

2 + (2Sα · sα)2

tan θ =

√
(S2

α − s2α)
2 + (2Sα · sα)2

2Sαsα sin γα

where χα = χi − χαi (i.e. the three choices of α are equivalent and differ only in origin), and ρ and θ are
both independent of α.

Obtaining Jacobi coordinates from APH coordinates [1]:

Sα =
ρ√
2

√
1 + sin θ cos(2χ)

sα =
ρ√
2

√
1− sin θ cos(2χ)

cos γα =
sin θ sin(2χα)√

1− sin2 θ cos2(2χ)

Changing of variables for full integration:∫
dSαdsα =

1

16

∫ ∞

0
dρρ5

∫ π

−π
dχα

∫ π/2

0
dθ sin 2θ

∫ 2π

0
dαQ

∫ π

0
dβQ sin βQ

∫ 2π

0
dγQ

where αQ, βQ and γQ are Euler angles and the integration over χα covers configuration space twice to
handle inversion, which is taken into account through the normalisation.

1.3.3 Transforming to Delves hyperspherical coordinates

As is the case for all hyperspherical coordinate systems, the Delves hyperradius, ρD, and APH hyperradius,
ρAPH are equal:

ρD = ρAPH

and hence both are otherwise referred to as ρ.

Rotational frame transformations may be used to convert between the two sets of hyperangles. βQα is the
rotation about the common BF y axis that carries the BFα axes into the BFQ axes system:

sin βQα =
sα sinχα sin γα

Q

cos βQα =
Sα cosχα + sα sinχα cos γα

Q
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where
Q =

√
s2α sin

2 χα sin
2 γα + (Sα cosχα + sα sinχα cos γα)2

The Delves hyperangle can be written in terms of APH angles:

θDα = tan−1(sα/Sα)

= tan−1

(
ρ/
√
2
√

1− sin θcos(2χ)

ρ/
√
2
√
1 + sin θcos(2χ)

)

= tan−1

(√
1− sin θcos(2χ)

1 + sin θcos(2χ)

)

Change of variables for integration:

1

16

∫ π

−π
dχα

∫ π/2

0
dθ sin 2θ

∫ 2π

0
dαQ

∫ π

0
dβQ sin βQ

∫ 2π

0
dγQ =

1

4

∫ π/2

0
dθDα sin

2(2θDα)

∫
dŜα

∫
dŝα

1.4 Tangent-sphere coordinates

1.4.1 Notes

These coordinates are designed to smoothly connect the (Delves) hyperspherical coordinates in the
rearrangement region to Jacobi coordinates in the non-rearrangement region, providing a single propagation
variable that varies continuously and smoothly between the two regions. This eliminates the need for
algebraic or numerical matching procedures [3].

For each arrangement, there are orthogonal coordinates (vα, wα, γα), where γα is the rotational angle of
the diatom, as in Delves hyperspherical coordinates and Jacobi coordinates [3].

1.4.2 Useful relations

The hyperradius ρmax is the outer constant-ρ contour of the (Delves) hyperspherical coordinate region,
large enough to enclose all rearrangement processes, beyond which the coordinate system is changed [3]:

ρmax = max (ρmax
AB , ρmax

BC , ρmax
AC )

where
ρmax
AB =

1

sinχAB

√
(smax

A )2 + 2smax
A smax

B cosχAB + (smax
B )2

Tangent-sphere from Delves hyperspherical [3]:

vα =
ρ cos θα − ρmax

ρ2 + ρ2max − 2ρρmax cos θα

wα =
ρ2 + ρ2max − 2ρρmax cos θα

ρ sin θα
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Tangent-sphere from Jacobi coordinates [3]:

vα =
Sα − ρmax

s2α + (Sα − ρmax)2

vα =
s2α + (Sα − ρmax)

2

sα

Jacobi coordinates from tangent-sphere [3]:

Sα =
vαw

2
α

1 + v2αw
2
α
+ ρmax

sα =
wα

1 + v2αw
2
α

Volume element:
w4
α(vαw

2
α + ρmax + v2αw

2
αρmax)

2

(1 + v2αw
2
α)

6
dwαdvαdŜαdŝα

2 BOUND-STATE CALCULATIONS

The bound-state calculations on the {p,p,p} system used bondlength-bondangle coordinates (that is the two
proton-antiproton distances, r1 and r2 and the angle between these two ‘bonds’, θ). Spherical oscillator
basis functions are used for the radial motions (with the parameter α set to zero to allow non-zero amplitudes
at r = 0) and Legendre polynomials for the angular motion [5]. The spherical oscillator basis functions
consist of products of a Gaussian and associated Laguerre polynomials, all defined in terms of the quantity
y = βr2. The polynomial part of the (direct product) basis set consists of 6327 symmetrised functions up
to 36th order in y and 8th order in cos θ.

The calculations are restricted to total angular momentum J = 0 (including the angular momentum of the
overall rotation of the system but excluding the spins of the protons and antiproton) and to be (spacially)
symmetric with respect to interchange of the protons.

The stabilization diagram for the {p,p,p} system for the complete range of stabilization parameter values
studied (β−1/2 = 0.000859 to 0.008125 a0) is given in Fig. S4. See also Fig. 4 in the main text where
the narrower ranges of β−1/2 = 0.002 to 0.005 a0 and energy = −40 to −140 Eh are used. The present
calculated energies of the {p,p,p} bound state and lowest-lying s-wave resonances are compared with the
literature results (mass-scaled from Ps−/Ps + e−) in Table S1 below; the β−1/2 values corresponding to
each energy are also given. The complete set of data is tabulated in a separate file stable.csv.

The one bound state is ‘variationally’ (if we ignore the quadrature errors) optimized for β−1/2 = 0.0009
a0. The apparent energies of the resonances also vary with β. We note that the form of basis set used here
is quite restrictive with effectively just this one parameter adjusting the length scale of the whole basis set.

Figures S5-S9 show radial density plots for the lowest energy state (the true bound state, state 1), state 10
(an ordinary scattering state), and states 11, 12 and 20 (the three lowest energy s-wave resonances) - all for
β−1/2 = 0.003416 a0.

Frontiers 9
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3 STRONG INTERACTION

If proton-antiproton annihilation is assumed to occur at coalescence of the two particles, the probability of
annihilation can be calculated by considering a pseudopotential [6]:

V pp̄
a = App̄δ(R)

where the annihilation constant, App̄ may be determined from experimental data, such as the width of
bound protonium states [6]:

Γ1s = App̄|ϕ̃100(0)|2

The rate of in-flight annihilation can then be calculated [6]:

λpp̄a = ⟨χki
(R)|V pp̄

a |χki
(R)⟩ = App̄|χki

(0)|2

where χki
(R) is the scattering function for the proton-antiproton pair, without considering the

pseudopotential. Only the J = 0 partial waves are non-zero at the origin, so only s-waves contribute to this
rate [6]. This treatment is equivalent to first-order perturbation theory for an effective annihilation potential
proportional to δ(R), so is not sufficient for large perturbations [7].

A nonpertubative method for incorporating the strong interaction is to use an optical model potential,
which describes annihilation through the complex component of the optical potential. This approach often
makes use of significantly simplified proton mass densities, with free parameters adjusted to reproduce
experimental results [8].

A further alternative is to represent the strong interaction through a single complex parameter - the
Coulomb-corrected strong force scattering length [8]. Since the range of the strong force (Rsi ∼ 10−5a0)
is significantly shorter than typical atomic distances (Ra ∼ a0), where a0 is the Bohr radius, there is a
range of internuclear distances short enough for the Born-Oppenheimer potential to be dominated by the
Coulomb interaction, that is larger than the range of the strong interaction [7].

The wavefunction for nuclear motion, χϵi,0(kR), can therefore be written as [7]:

χϵi,0(kR) = N [F0(kR) + tan δsiG0(kR)] Rsi << R << Ra

where F0 is the zero-angular momentum regular Coulomb wavefunction, which the nuclear motion
wavefunction would be proportional to in the absence of the strong interaction, G0 is the zero-angular
momentum irregular Coulomb wavefunction, δsi is the (complex) phase shift induced by the strong
interaction, and N is a normalisation constant. The imaginary component of the phase shift permits
annihilation, in a similar manner to the optical potential [7].

At atomic length scales (R ∼ Ra), leptonic interactions cannot be neglected, so the above form of
the wavefunction for nuclear motion is not valid [9]. Instead, this form may be used as the short-range
boundary condition, replacing solely the regular Coulomb wavefunction (δsi = 0). This allows the
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interaction potential to be integrated using standard methods, simplifying calculations significantly in
comparison to using an optical model potential [8].

Since atomic scattering energies (∼ eV) are much smaller than typical nuclear energies (∼MeV), the
zero-energy limit of δsi may be used, which can then be related to the Coulomb-corrected scattering length
of the strong interaction [7]:

1

asi
= −2π

bµ
lim
k→0

cot δsi(k)

where bµ is the Coulomb parameter, and asi may be determined through fitting to experimental data.
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APPENDICES

1 DERIVATIONS

rα = µα

[(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

]1/2
(S1)

rβ = µβ

[(
Rβ

Mγ

)2

+

(
Rα

mα

)2

+ 2
RβRα

Mγmβ
cos γαβ

]1/2
(S2)

Frontiers 11
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cos γα = sgn(γβα)µα

(
Rα

Mγ
+

Rβ

mβ
cos γαβ

)/
rα (S3)

cos γβ = sgn(γαβ)µβ

(
Rβ

Mγ
+

Rα

mα
cos γαβ

)/
rβ (S4)

From equation S1: (
rα
µα

)2

=

(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ (S5)

From equation S3:

cos2 γα

(
rα
µα

)2

=

(
Rα

Mγ
+

Rβ

mβ
cos γαβ

)2

=

(
Rα

Mγ

)2

+

(
Rβ cos γαβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

=

(
Rα

Mγ

)2

+

(
Rβ cos γαβ

mβ

)2

+

(
rα
µα

)2

−
(
Rα

Mγ

)2

−
(
Rβ

mβ

)2

=

(
Rβ cos γαβ

mβ

)2

+

(
rα
µα

)2

−
(
Rβ

mβ

)2

Therefore (
rα
µα

)2

(cos2 γα − 1) =

(
Rβ

mβ

)2

(cos2 γαβ − 1)

(
rα
µα

)2

sin2 γα =

(
Rβ

mβ

)2

sin2 γαβ

sin γαβ = ±
rαmβ

µαRβ
sin γα

and similarly
sin γαβ = ±

rβmα

µβRα
sin γβ

From equation S5 (
rα
µα

)2

=

(
Rα

Mγ

)2

+

(
Rβ

mβ
+

Rα

Mγ
cos γαβ

)2

−
(
Rα

Mγ
cos γαβ

)2

Therefore

Rβ = mβ

−Rα

Mγ
cos γαβ ±

√(
rα
µα

)2

+

(
Rα

Mγ

)2

(cos2 γαβ − 1)


and similarly

Rα = mα

−Rβ

Mγ
cos γαβ ±

√(
rβ
µβ

)2

+

(
Rβ

Mγ

)2

(cos2 γαβ − 1)


12



Alternatively, from equation S3

sng(γβα
rα
µα

cos γα) =
Rα

Mγ
+

Rβ

mβ
cos γαβ

and so from equation S1

sng(γβα)
rα
µα

cos γα =
Rα

Mγ
+

RβMγmβ

2mβRαRβ

[(
rα
µα

)2

−
(
Rα

Mγ

)2

−
(
Rβ

mβ

)2
]

2sng(γβα)
rαRα

µαMγ
cos γα = 2

(
Rα

Mγ

)2

+

(
rα
µα

)2

−
(
Rα

Mγ

)2

−
(
Rβ

mβ

)2

Therefore

Rβ = mβ

√(
Rα

Mγ

)2

+

(
rα
µα

)2

− 2sgn(γβα)
rαRα

µαMγ
cos γα

and similarly

Rα = mα

√(
Rβ

Mγ

)2

+

(
rβ
µβ

)2

− 2sgn(γαβ)
rβRβ

µβMγ
cos γβ

2 TRANSFORMING FROM MIXED TO SINGLE JACOBI COORDINATES

2.1 Transformation examples

In general, at (Rα, Rβ, γαβ):

rα = µα

[(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

]1/2

rβ = µβ

[(
Rβ

Mγ

)2

+

(
Rα

mα

)2

+ 2
RβRα

Mγmα
cos γαβ

]1/2

cos γα = sgn(γβα)

(
Rα

Mγ
+

Rβ

mβ
cos γαβ

)[(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

]−1/2

cos γβ = sgn(γαβ)

(
Rβ

Mγ
+

Rα

mα
cos γαβ

)[(
Rβ

Mγ

)2

+

(
Rα

mα

)2

+ 2
RβRα

Mγmα
cos γαβ

]−1/2

Frontiers 13
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At the lower limit of each mixed integration variable, (Rα, Rβ, γαβ) = (0, 0, 0):

rα = 0

rβ = 0

γα and γβ are undefined. At the upper limit of each mixed integration variable, (Rα, Rβ, γαβ) =
(Aα, Aβ, π):

rα = µα

[(
Aα

Mγ

)2

+

(
Aβ

mβ

)2

− 2
AαAβ

Mγmβ

]1/2

= µα

[(
Aα

Mγ
−

Aβ

mβ

)2
]1/2

= µα

∣∣∣∣Aα

Mγ
−

Aβ

mβ

∣∣∣∣

rβ = µβ

[(
Aβ

Mγ

)2

+

(
Aα

mα

)2

− 2
AβAα

Mγmα

]1/2

= µβ

[(
Aβ

Mγ
− Aα

mα

)2
]1/2

= µβ

∣∣∣∣Aβ

Mγ
− Aα

mα

∣∣∣∣

cos γα = sgn(γβα)

(
Aα

Mγ
−

Aβ

mβ

)[(
Aα

Mγ
−

Aβ

mβ

)2
]−1/2

= sgn(γβα)

(
Aα

Mγ
−

Aβ

mβ

) ∣∣∣∣Aα

Mγ
−

Aβ

mβ

∣∣∣∣−1

= ±sgn(γβα)

γα = π, 0

cos γβ = sgn(γαβ)

(
Aβ

Mγ
− Aα

mα

)[(
Aβ

Mγ
− Aα

mα

)2
]−1/2

= sgn(γαβ)

(
Aβ

Mγ
− Aα

mα

) ∣∣∣∣Aβ

Mγ
− Aα

mα

∣∣∣∣−1

= ±sgn(γαβ)

γβ = 0, π

14



where the ± solutions depend on whether Aα/Mγ > Aβ/mβ and Aβ/Mγ > Aα/mα.

2.2 Integration limits for single Jacobi coordinates

2.2.1 Rα

Limits remain unchanged: 0, Aα.

2.2.2 Rβ

Limits remain unchanged: 0, Aβ .

2.2.3 rα

These limits are dependent on the value of Rα. Since

rα = µα

[(
Rα

Mγ

)2

+

(
Rβ

mβ

)2

+ 2
RαRβ

Mγmβ
cos γαβ

]1/2
and it is always possible for Rα = 0, Rβ = 0

rα,min = 0

It is also always possible for Rβ = Aβ, γαβ = 0 (cos γαβ = 1), meaning for a given Rα

rα,max = µα

[(
Rα

Mγ

)2

+

(
Aβ

mβ

)2

+ 2
RαAβ

Mγmβ

]1/2

= µα

[(
Rα

Mγ
+

Aβ

mβ

)2
]1/2

= µα

(
Rα

Mγ
+

Aβ

mβ

)

2.2.4 rβ

These limits are dependent on the value of Rβ . Since

rβ = µβ

[(
Rβ

Mγ

)2

+

(
Rα

mα

)2

+ 2
RβRα

Mγmα
cos γαβ

]1/2
and it is always possible for Rα = 0, Rβ = 0

rβ,min = 0
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It is also always possible for Rα = Aα, γαβ = 0 (cos γαβ = 1), meaning for a given Rβ

rβ,max = µβ

[(
Rβ

Mγ

)2

+

(
Aα

mα

)2

+ 2
RβAα

Mγmα

]1/2

= µβ

[(
Rβ

Mγ
+

Aα

mα

)2
]1/2

= µβ

(
Rβ

Mγ
+

Aα

mα

)

2.2.5 γα

These limits are dependent on the value of Rα and rα. Rα and rα are not consistent with an arbitrary
choice of 0 ≤ Rβ ≤ Aβ and 0 ≤ γαβ ≤ θαβ , so we first rewrite γα by eliminating Rβ:

Rβ = mβ

−Rα

Mγ
cos γαβ ±

√(
rα
µα

)2

+

(
Rα

Mγ

)2

(cos2 γαβ − 1)


so

cos γα = sgn(γβα)
µα
rα

(
Rα

Mγ
+

Rβ

mβ
cos γαβ

)

= sgn(γβα)
µα
rα

Rα

Mγ
+ cos γαβ

−Rα

Mγ
cos γαβ ±

√(
rα
µα

)2

+

(
Rα

Mγ

)2

(cos2 γαβ − 1)


For 0 ≤ γα ≤ π, γα changes monotonically with cos γα. Limits can therefore be obtained by minimising
and maximising cos γα.

2.2.6 γβ

These limits are dependent on the value of Rβ and rβ . Rβ and rβ are not consistent with an arbitrary
choice of 0 ≤ Rα ≤ Aα and 0 ≤ γαβ ≤ θαβ , so we first rewrite γβ by eliminating Rα:

Rα = mα

−Rβ

Mγ
cos γαβ ±

√(
rβ
µβ

)2

+

(
Rβ

Mγ

)2

(cos2 γαβ − 1)


so

cos γβ = sgn(γαβ)
µβ
rβ

(
Rβ

Mγ
+

Rα

mα
cos γαβ

)

= sgn(γαβ)
µβ
rβ

Rβ

Mγ
+ cos γαβ

−Rβ

Mγ
cos γαβ ±

√(
rβ
µβ

)2

+

(
Rβ

Mγ

)2

(cos2 γαβ − 1)


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For 0 ≤ γβ ≤ π, γβ changes monotonically with cos γβ . Limits can therefore be obtained by minimising
and maximising cos γβ .

3 TRANSFORMING FROM SINGLE TO MIXED JACOBI COORDINATES

3.1 From (Rα, rα, γα) to (Rα, Rβ, γαβ)

In general, at (Rα, rα, γα):
Rα = Rα

Rβ = mβ

√(
Rα

Mγ

)2

+

(
rα
µα

)2

− 2sgn(γβα)
rαRα

µαMγ
cos γα

cos γαβ =
Mγmβ

2RαRβ

[(
rα
µα

)2

−
(
Rα

Mγ

)2

−
(
Rβ

mβ

)2
]

or

cos γαβ =
mβ

Rβ

(
sgn(γβα) cos γα

rα
µα
− Rα

Mγ

)

At (Rα, rα, γα) = (0, 0, 0):
Rα = 0

Rβ = 0

γαβ is undefined.

At (Rα, rα, γα) = (Aα, aα, π)

Rβ = mβ

√(
Aα

Mγ

)2

+

(
aα
µα

)2

+ 2sgn(γβα)
aαAα

µαMγ

= mβ

(
Aα

Mγ
± aα

µα

)

3.2 From (Rβ, rβ, γβ) to (Rα, Rβ, γαβ)

In general, at (Rβ, rβ, γβ):
Rβ = Rβ

Rα = mα

√(
Rβ

Mγ

)2

+

(
rβ
µβ

)2

− 2sgn(γαβ)
rβRβ

µβMγ
cos γβ

cos γαβ =
Mγmα

2RαRβ

[(
rβ
µβ

)2

−
(
Rβ

Mγ

)2

−
(
Rα

mα

)2
]

or

cos γαβ =
mα

Rα

(
sgn(γαβ) cos γβ

rβ
µβ
−

Rβ

Mγ

)
Frontiers 17



Supplementary Material

At (Rβ, rβ, γβ) = (0, 0, 0):
Rα = 0

Rβ = 0

γαβ is undefined.

At (Rβ, rβ, γβ) = (Aβ, aβ, π)

Rα = mα

√(
Aβ

Mγ

)2

+

(
aβ
µβ

)2

+ 2sgn(γαβ)
aβAβ

µβMγ

= mα

(
Aβ

Mγ
±

aβ
µβ

)

TABLE

Table S1. Energies (in atomic units) of the {p,p,p} bound state and lowest-lying s-wave resonances for Pn + p calculated in the present work using a simple
stabilization method and mass-scaled literature results for Ps−/Ps + e− [10]. The β−1/2 values corresponding to each of the present energies are also given.

Energy / Eh β−1/2 / a0 Energy / Eh

This work Literature

−483.1 0.0009 −481.0 bound state
−132.5 0.00235 −139.6 resonance
−113.4 0.0045 −116.9 resonance
−61.5 0.00365 −64.9 resonance
−53.5 0.00535 −54.8 resonance
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Figure S1. Variation of θα,min and θα,max with rα for fixed Rα as described in the text. The masses of
particles ABC are set to 1.
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Figure S2. Variation of θα,min and θα,max with Rα for large fixed rα as described in the text. The masses
of particles ABC are set to 1.
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Figure S3. Preliminary 3d plot of the variation of θα,min and θα,max with Rα and rα as described in the
text. The masses of particles ABC are set to 1.
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Figure S4. Stabilization diagram for the {p,p,p} system. The horizontal dotted lines represent the
protonium n = 2 (−114.7 Eh) and n = 3 (−51.0 Eh) states.
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Figure S5. Radial density plot for the lowest energy state (the true bound state) of {p,p,p}. In this and the
subsequent plots, the contours are given for 5% to 95% of the maximum density in steps of 10%
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Figure S6. Radial density plot for the 10th lowest energy state (an ordinary scattering state) of {p,p,p}.
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Figure S7. Radial density plot for the 11th lowest energy state (the lowest resonance) of {p,p,p}.
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Figure S8. Radial density plot for the 12th lowest energy state (the second lowest resonance) of {p,p,p}.
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Figure S9. Radial density plot for the 20th lowest energy state (the third lowest resonance) of {p,p,p}.

Frontiers 23


	Coordinate Systems and Transformations
	Jacobi coordinates: useful relations
	Finite integrals transformations from mixed to single Jacobi coordinates
	Finite integrals transformations from single to mixed Jacobi coordinates
	Transformation of surface amplitudes at the boundary

	Delves hyperspherical coordinates: useful relations
	Coordinate transformations for finite integrals

	APH coordinates
	Notes
	Transformation to Jacobi coordinates
	Transforming to Delves hyperspherical coordinates

	Tangent-sphere coordinates
	Notes
	Useful relations


	Bound-State Calculations
	Strong interaction
	Derivations
	Transforming from mixed to single Jacobi coordinates
	Transformation examples
	Integration limits for single Jacobi coordinates
	 R
	 R
	 r
	 r
	 
	 


	Transforming from single to mixed Jacobi coordinates
	From  (R, r, )  to  (R, R, ) 
	From  (R, r, )  to  (R, R, ) 


