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APPENDIX
A GENERAL EXPRESSIONS FOR GAUGE AND YUKAWA BETA-FUNCTIONS

For completeness, we collect the literature on expressions for MS-scheme 3-loop gauge and 2-loop Yukawa
beta-functions of general non-Abelian gauge-Yukawa theories. One can straightforwardly reduce one non-
Abelian subgroup to an Abelian subgroup. Note that this does not directly generalize to multiple Abelian
factors because of kinetic mixing, cf. [113, 114]. We neglect all contributions from scalar quartic couplings.
The 1-loop beta-functions for a simple non-Abelian gauge group were first calculated along in [3, 4] and
subsequently generalized to 2-loop and semi-simple groups in [74, 75] and [76, 77, 79], respectively.
State-of-the-art 3-loop results have been obtained in [82, 84] for simple and in [91] for semi-simple groups.
For the Yukawa couplings, 1-loop results were first derived in [S] and 2-loop results in [78, 80, 81]. Specific
results for the Standard Model were derived in [83, 85, 86] at 2-loop, in [87-90] at 3-loop order, and
in [115] partially at 4-loop order. Neglecting contributions from other couplings the simple gauge beta-
functions have been calculated up to 5-loop order [116—-118]. Finally, SARAH [119, 120] and PyR@TE
[121, 122] provide computer algebra tools for general perturbatively renormalizable beta-functions at
two-loop level, see also [92], as well as [93] for general results at three-loop.

For the present purpose, it is sufficient to work with the 3-loop gauge beta functions (including gen-
eral Yukawa-coupling contributions but neglecting quartic couplings) and with the 2-loop Yukawa beta
functions (again neglecting quartic couplings). Focusing on a simple gauge group with and one fermionic
representation Ry, the Lagrangian reads

1w ,
L=—FiFo+ Ly with

1 1
Lrp) =+ 5D"GaDyda + it Dy — 3 (5%%(1/%% + 3@%*1/1;(%1%) : (18)

Here, we have already assumed that each fermionic representation [2x is accompanied by a suitable set
of scalars to facilitate Yukawa couplings ;5. Here, Flf‘V =0A, — 0 A +yg fABCAZAi is the standard

field-strength tensor with gauge group structure constants f ABC and ¢ = ioy with o9 the 2nd Pauli matrix.
Fermions and scalars are minimally coupled via covariant derivatives corresponding with generators tf}

and 9;%), respectively, i.e.,
Dy¢a = Outa — i g0, Al 6 (19)
Dyhi = Opthi — i gty A (20)
Finally, Yg denote complex Yukawa coupling matrices. A generalization to multiple gauge groups and

representations is straightforward. We have omitted quartic couplings and mass terms since we neglect
them for this paper.

Most of the contributions to the beta-functions can be written in terms of the respective quadratic Casimirs
(2 and Dynkin indices So. For the adjoint gauge fields, fermions, and scalars they read

d d
C;d](;AB _ fACDfBCD 7 C2RF — Z tAtA , CQRS — Z QAGA ’ (21)
A=1 A=1
Sl sAB _ [tAtB] , SlsgAB Ty [91493} . 22)
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We denote the associated beta-functions by

[ »(1-loop) (2-loop) (3-loop)
By = |~ % ’ (23)
! (4m)2 (4m)*t  (4m)® |’
[ ,(1-loop) B(Z-loop)
o= |22 a4 24

The explicit expressions can be found in [84] and [92], respectively. Note, that we omit contributions
from scalar quartic couplings. The replacement rules to generalize to semi-simple gauge groups at 2-loop
level can be found in [85]. All the required beta-functions can thereby be derived from this general set of
expressions.

B REDUCTION TO (B)SM BETA-FUNCTIONS

To obtain the beta-functions for the BSM extensions covered in Section 6, we specialize to the SM
Lagrangian supplemented by A different types of vector-like BSM fermions ¥ in the representation Ry,
where I = 1, ..., N labels the different types of BSM representations, each of which can come with a
multiplicity Ng,. For each such type of vectorlike BSM fermions, we also include an Ng, X Np, matrix of
uncharged complex scalars ¢(y) which allows for Yukawa couplings. The corresponding Lagrangian reads

Tr( Jipy ) T (00,060 ) + e @9 i + 70l w(;))] |
(25)

L= £SM+Z

I=1

where we have decomposed the BSM fermions into two-component left- and right-handed parts, i.e.,

2/1 R / L= (1 + 5 )2/1(1 ). We neglect any quartic couplings. Therefore, the different types of BSM fermions
couple to each other as well as to the SM only via their minimal gauge interactions. The matrix-Yukawa
couplings in Eq. (18) are diagonal and therefor the different traces of Yukawa-matrices in the beta-functions,

2
cf. [84, 92], simplify. Introducing, for the gauge couplings o; = (gTi)Q fori =1, 2, 3, for the top-Yukawa

coupling a; = a 2)2, and for the BSM Yukawa couplings a; = (ZSQ:))Q, the general NLO and NNLO
contributions to the beta-functions reduce to the follwing form
3 N
ﬁ(NLO) 21B; + Z Cijo — Z DilaI] , (26)
j= I=0
r 3
ﬁ(NLO) =ay|Erar — Z Frjaj], (27)
L j=1
T3 3 3 N N
B(NNLO) — Oz Z Z ik O — Z Z Kij[ozjozj + Zfﬂa%] , (28)
L j=1 k=j j=11=0 =0
3 3 3
B(NNLO) ar Z V[]a]oz] + V]O./I + Z Z W[]kozjozk] , 29)
L j=1 =1 j=¢
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where the notation includes the SM top- Yukawa coupling as a; = a—q. The group theoretic coefficients
B;, Cij» D;5, Ef, F[j at NLO level and Mijka Kij[a FZ‘], V[j, V[, lek at NNLO level are well-known
for the SM [83, 85-90]. The BSM contributions can straightforwardly be generalized from the expressions
for a single type of BSM representation, cf. [40], by suitable summation. For completeness, we list them
below, where the Casimirs Cﬁé , Dynkin indices S RIC , and dimensions dﬁ’c for the BSM representations
R of the non-Abelian SM gauge groups SU(N¢) with No = 2 and N¢ = 3 are given by

. - R CRIdR[
Cyt=((l+1), dy! =20+1, 52]:%’ (30)
R 1 Ry Lia, o R C5dy”
Gy =5+ Da+ D +a+2), df =p+a+3 (P ++pg) . S =", 6D

where | = 1/2, 1, 3/2, ...
respectively.

and p,q = 1, 2, 3, ... denote the highest weights for SU(2) and SU(3),

The group-theoretic NLO, i.e., 1-loop and 2-loop, coefficients in the gauge beta functions of the SM
including BSM representations read

a1 8 2 Ry R 19 8 Ry jR;
Bl:§+§ZNRIYR1d2 d3 BQ:_§+§ZNRIS2 d3
I=1 I=1
8 N Rr ;Rr 199 Xy 4 Rr ;Rr
B3 = _14+§ZN3153 dy C1 = T+82YRIJ\IRI¢12 dy
I=1 I=1
N 38 N
Cla=9+8Y Y3 Ng,Cydy dy! O3 = 5 +8 > " N, V3,057 dy g
I=1 I=1
N 35 X 20
Oy =3+8)  Ng, Y3 Sy d Cpp = +4)  Np, Sy dy" (2 Oyl + ?)
I=1 I=1

N
Coz =24 + 8ZNRIS§IC§IC£§I
I=1

N
Co=9+8) N, S5 Cy'tdy!
=1

N
Dy =4 Np Y3 dy'dg!
I=1

N
1 SN, Cl il

N
11 3 9 oRy R

N
Cs3 = —52+4Y  Np,S5"dy" (2047 + 10)

I=1

N
1 Ry ;R; ;R
Doy = 54?1: Np, Cy'ldyTdy!

The group-theoretic NLO, i.e., 1-loop, coefficients in the Yukawa beta functions of the SM including BSM
representations read

E; =9 Ep = 2(Ng, + d3d5r)
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17 9
Fj = — Fp = = Fi3 =16
t1 6 t2 9 t3
Fpy =12Y3, Fpy = 1205 Fr3 = 12037

The group-theoretic NNLO, i.e., 3-loop, coefficients in the gauge beta functions of the SM including BSM
representations read

463

My = ——Np, Y3 dydy" + TNRIYRIdR’dff +4Ng, Y ¥y

388613 i 4405
2502 2~ | 162

88 2
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274 N Ry 4 R; 4Ry
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VT
5597 23 o R om, 463 - -
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as well as
Ky =6Yj Np dy! di” Kio1 = 6Y3,Cy" N}, dy'dy!
K31 = 6Y3,C3" N} it dy? Koy = 2Y3,Cy N}, it dy!

2
Koot =16 C3 NG, 57 df" +2 (O ) NR dff"dfft Koy = 2C3 CJY NG, dift
3 3
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3 — 2
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— 7 — 3 7 2
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The group-theoretic NNLO, i.e., 2-loop, coefficients in the Yukawa beta functions of the SM including
BSM representations read

Vi1 = 2(8 N, +5d3"dy" Y3, Vg = 2(8 Ng, + 5d51dym)Cyr




Aaron Held

Effective asymptotic safety
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C COEFFICIENTS FOR SIMPLE GAUGE GROUPS

General expressions for the beta functions of the simple gauge groups of the SM with a single type of BSM
matter, i.e., ' = 1 in Eq. 25, can be extracted from the SM expressions in App. B. We denote the beta

function coefficients by

BN — 2| B+ Cay — Day| BINLO) — a2 M o2 — K agay + Kol (32)
BNO = oy [Eay — Fay) BN — ay [V agay + Va2 + Wa2] . (33)
The coefficients can be obtained by subtracting the SM part, e.g., those of U(1) by
B = Bi — Bi|ng,=0 = §NFY2 , (34)
C'=Ci = Ciilng, =0 =8Y'Np , (35)
D = Dij — Dif|ng, =0 = 4N3Y?, (36)
E = Er — Er|lng, =0 = 2(Np + 1), (37)
F =Fn — Frilng,=o = 12Y2 (38)
M = Mgt — Buualg —o = 50 NeV? + SNy 4 aNgy® + SNV ()
K = Ky — Kurlng, =0 = 6Y'NE (40)
K =K — Kulng, =0 = 6 >N} + YN} (41)

where we have reduced to singlets under the other gauge groups, i.e., df’ =1= d?’ , and replaced the

notation Ng, — Np aswellas Yp, — Y.
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