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1 Numerical Methods 

 

1.1 Differential, Laplacian, and Flux Terms 

 

Let all variables be defined on cell centers, except velocities �̃�𝛼 and �̃�𝛽, which are defined on edge 

centers.  Spatial derivatives acting on dimensionless scalar 𝑓𝑖,𝑗,𝑘 and vector �̃�𝑖,𝑗,𝑘 functions are 

replaced by differential operators 𝐷𝑥, 𝐷𝑦, and 𝐷𝑧 in the following manner: 

 

∇𝑑(𝑓𝑖,𝑗,𝑘)= 𝐷𝑥(𝑓𝑖,𝑗,𝑘) + 𝐷𝑦(𝑓𝑖,𝑗,𝑘) + 𝐷𝑧(𝑓𝑖,𝑗,𝑘)

=

𝑓
𝑖+
1
2
,𝑗,𝑘
− 𝑓

𝑖−
1
2
,𝑗,𝑘

𝜂
𝜹𝒊 +

𝑓
𝑖,𝑗+

1
2
,𝑘
− 𝑓

𝑖,𝑗−
1
2
,𝑘

𝜂
𝜹𝒋 +

𝑓
𝑖,𝑗,𝑘+

1
2
− 𝑓

𝑖,𝑗,𝑘−
1
2

𝜂
𝜹𝒌

 

(1.1.1) 

 

∇𝑑 ∙ (�̃�𝑖,𝑗,𝑘)= 𝐷𝑥(𝑓𝑖,𝑗,𝑘
 𝑥 ) + 𝐷𝑦(𝑓𝑖,𝑗,𝑘

 𝑦
) + 𝐷𝑧(𝑓𝑖,𝑗,𝑘

 𝑧 )

=

𝑓
𝑖+
1
2
,𝑗,𝑘

 𝑥 − 𝑓
𝑖−
1
2
,𝑗,𝑘

 𝑥

𝜂
+

𝑓
𝑖,𝑗+

1
2
,𝑘

 𝑦
− 𝑓

𝑖,𝑗−
1
2
,𝑘

 𝑦

𝜂
+

𝑓
𝑖,𝑗,𝑘+

1
2

 𝑧 − 𝑓
𝑖,𝑗,𝑘−

1
2

 𝑧

𝜂

 

(1.1.2) 

 

where 𝑖, 𝑗, and 𝑘 in the two equations above include non-integers; 𝜹𝒊, 𝜹𝒋, and 𝜹𝒌 are unit vectors in 

the 𝑥 −, 𝑦 −, and 𝑧 − direction, respectively.  Following definitions given in Eqs. (1.1.1) & (1.1.2), 

the discrete Laplacian operator is defined by the second order approximation below: 

 



∆𝑑(𝑓𝑖,𝑗,𝑘) =  ∇𝑑 ∙ [∇𝑑(𝑓𝑖,𝑗,𝑘)]

= 𝐷𝑥[∇𝑑(𝑓𝑖,𝑗,𝑘)]
𝑥
+ 𝐷𝑦[∇𝑑(𝑓𝑖,𝑗,𝑘)]

𝑦
+ 𝐷𝑧[∇𝑑(𝑓𝑖,𝑗,𝑘)]

𝑧

=

[𝐷𝑥 (𝑓𝑖+1
2
,𝑗,𝑘
)]
𝑥

− [𝐷𝑥 (𝑓𝑖−1
2
,𝑗,𝑘
)]
𝑥

𝜂
+

[𝐷𝑦 (𝑓𝑖,𝑗+1
2
,𝑘
)]
𝑦

− [𝐷𝑦 (𝑓𝑖,𝑗−1
2
,𝑘
)]
𝑦

𝜂

+

[𝐷𝑧 (𝑓𝑖,𝑗,𝑘+1
2
)]
𝑧

− [𝐷𝑧 (𝑓𝑖,𝑗,𝑘−1
2
)]
𝑧

𝜂

=
1

𝜂
[(
𝑓𝑖+1,𝑗,𝑘 − 𝑓𝑖,𝑗,𝑘

𝜂
) − (

𝑓𝑖,𝑗,𝑘 − 𝑓𝑖−1,𝑗,𝑘

𝜂
)]

+
1

𝜂
[(
𝑓𝑖,𝑗+1,𝑘 − 𝑓𝑖,𝑗,𝑘

𝜂
) − (

𝑓𝑖,𝑗,𝑘 − 𝑓𝑖,𝑗−1,𝑘

𝜂
)]

+
1

𝜂
[(
𝑓𝑖,𝑗,𝑘+1 − 𝑓𝑖,𝑗,𝑘

𝜂
) − (

𝑓𝑖,𝑗,𝑘 − 𝑓𝑖,𝑗,𝑘−1

𝜂
)]

=
𝑓𝑖−1,𝑗,𝑘 + 𝑓𝑖,𝑗−1,𝑘 + 𝑓𝑖,𝑗,𝑘−1 − 6𝑓𝑖,𝑗,𝑘 + 𝑓𝑖+1,𝑗,𝑘 + 𝑓𝑖,𝑗+1,𝑘 + 𝑓𝑖,𝑗,𝑘+1

𝜂2

 

(1.1.3) 

 

Using the above definitions, Laplacian terms in Eqs. (2.1) ‒ (2.3) can be approximated by  

 

∇𝑑 ∙ [(�̃�𝑖,𝑗,𝑘) ∇𝑑(�̃�𝑖,𝑗,𝑘)]

=
1

𝜂2
[𝐴𝑥 (�̃�𝑖+

1
2
,𝑗,𝑘
) (𝜇𝑖+1,𝑗,𝑘 − 𝜇𝑖,𝑗,𝑘) − 𝐴𝑥 (�̃�𝑖−

1
2
,𝑗,𝑘
) (𝜇𝑖,𝑗,𝑘 − 𝜇𝑖−1,𝑗,𝑘)]

+ 
1

𝜂2
[𝐴𝑦 (�̃�𝑖,𝑗+

1
2
,𝑘
) (𝜇𝑖,𝑗+1,𝑘 − 𝜇𝑖,𝑗,𝑘) − 𝐴𝑦 (�̃�𝑖,𝑗−

1
2
,𝑘
) (𝜇𝑖,𝑗,𝑘 − 𝜇𝑖,𝑗−1,𝑘)]

+ 
1

𝜂2
[𝐴𝑧 (�̃�𝑖,𝑗,𝑘+

1
2
) (𝜇𝑖,𝑗,𝑘+1 − 𝜇𝑖,𝑗,𝑘) − 𝐴𝑧 (�̃�𝑖,𝑗,𝑘−

1
2
) (𝜇𝑖,𝑗,𝑘 − 𝜇𝑖,𝑗,𝑘−1)]

=
1

𝜂2
{𝐴𝑥 (�̃�𝑖+

1
2
,𝑗,𝑘
) 𝜇𝑖+1,𝑗,𝑘 + 𝐴𝑥 (�̃�𝑖−

1
2
,𝑗,𝑘
) 𝜇𝑖−1,𝑗,𝑘 + 𝐴𝑦 (�̃�𝑖,𝑗+

1
2
,𝑘
) 𝜇𝑖,𝑗+1,𝑘

+ 𝐴𝑦 (�̃�𝑖,𝑗−
1
2
,𝑘
)𝜇𝑖,𝑗−1,𝑘 + 𝐴𝑧 (�̃�𝑖,𝑗,𝑘+

1
2
) 𝜇𝑖,𝑗,𝑘+1 + 𝐴𝑧 (�̃�𝑖,𝑗,𝑘−

1
2
) 𝜇𝑖,𝑗,𝑘−1

−  𝜇𝑖,𝑗,𝑘 [𝐴𝑥 (�̃�𝑖+
1
2
,𝑗,𝑘
) + 𝐴𝑥 (�̃�𝑖−

1
2
,𝑗,𝑘
) + 𝐴𝑦 (�̃�𝑖,𝑗+

1
2
,𝑘
) + 𝐴𝑦 (�̃�𝑖,𝑗−

1
2
,𝑘
)

+ 𝐴𝑧 (�̃�𝑖,𝑗,𝑘+
1
2
) + 𝐴𝑧 (�̃�𝑖,𝑗,𝑘−

1
2
)] }

 

(1.1.4) 

 

where edge-centered approximation of cell-centered variables may be determined by the following 

averaging operators 𝐴: 

 



3 

 

𝐴𝑥 (�̃�𝑖±
1
2
,𝑗,𝑘
) =

�̃�𝑖±1,𝑗,𝑘 + �̃�𝑖,𝑗,𝑘

2
 

(1.1.5) 𝐴𝑦 (�̃�𝑖,𝑗±
1
2
,𝑘
) =

�̃�𝑖,𝑗±1,𝑘 + �̃�𝑖,𝑗,𝑘

2
 

𝐴𝑧 (�̃�𝑖,𝑗,𝑘±
1
2
) =

�̃�𝑖,𝑗,𝑘±1 + �̃�𝑖,𝑗,𝑘

2
 

 

Note that the averaging operators above also apply to cell-centered approximation of edge-centered 

variables. 

 

Similarly, the convective flux terms in Eqs. (2.1) ‒ (2.3) and Eqs. (2.33) ‒ (2.35) are approximated by   

 

∇𝑑 ∙ [(�̃�𝑖,𝑗,𝑘)(�̃�𝑖,𝑗,𝑘)] =
1

𝜂
[𝑊𝑥 (�̃�𝑖+1

2
,𝑗,𝑘
)(�̃�

𝑖+
1
2
,𝑗,𝑘

𝑥 ) −𝑊𝑥 (�̃�𝑖−1
2
,𝑗,𝑘
) (�̃�

𝑖−
1
2
,𝑗,𝑘

𝑥 )]

+ 
1

𝜂
[𝑊𝑦 (�̃�𝑖,𝑗+1

2
,𝑘
) (�̃�

𝑖,𝑗+
1
2
,𝑘

𝑦
) −𝑊𝑦 (�̃�𝑖,𝑗−1

2
,𝑘
) (�̃�

𝑖,𝑗−
1
2
,𝑘

𝑦
)]

+ 
1

𝜂
[𝑊𝑧 (�̃�𝑖,𝑗,𝑘+1

2
) (�̃�

𝑖,𝑗,𝑘+
1
2

𝑧 ) −𝑊𝑧 (�̃�𝑖,𝑗,𝑘−1
2
) (�̃�

𝑖,𝑗,𝑘−
1
2

𝑧 )]

 

(1.1.6) 

 

where �̃�𝑥, �̃�𝑦, and �̃�𝑧 are edge-centered velocity components.  The edge-centered approximations of 

cell-centered �̃� can be computed using the upwind biased WENO scheme (1, 2):  

 

𝑊𝑥 (�̃�𝑖±1
2
,𝑗,𝑘
) =

− �̃�
(𝑖±

1
2
)−
3
2
,𝑗,𝑘
+ 5 �̃�

(𝑖±
1
2
)−
1
2
,𝑗,𝑘
+ 2 �̃�

(𝑖±
1
2
)+
1
2
,𝑗,𝑘

6
 

(1.1.7) 𝑊𝑦 (�̃�𝑖,𝑗±1
2
,𝑘
) =

− �̃�
𝑖,(𝑗±

1
2
)−
3
2
,𝑘
+ 5 �̃�

𝑖,(𝑗±
1
2
)−
1
2
,𝑘
+ 2 �̃�

𝑖,(𝑗±
1
2
)+
1
2
,𝑘

6
 

𝑊𝑧 (�̃�𝑖,𝑗,𝑘±1
2
) =

− �̃�
𝑖,𝑗,(𝑘±

1
2
)−
3
2
+ 5 �̃�

𝑖,𝑗,(𝑘±
1
2
)−
1
2
+ 2 �̃�

𝑖,𝑗,(𝑘±
1
2
)+
1
2

6
 

 

In our case, a simple upwind Donor-Cell advection is used to estimate edge-centered values from 

cell-centered data.  

 

1.2 Discretized Governing Equations 

 



The model consists of a set of stiff differential equations that are fourth-order in space.  At time step 

𝑎 with time step size 𝜃, they are discretized in time using the Crank-Nicolson Method as in Wise, 

Lowengrub (3) (terms computed from the converged solution of the previous time step are in blue). 

 

Cells and ECM Components 

(�̃�𝑉)𝑖,𝑗,𝑘
𝑎

−
𝜃

2
[∇ ∙ (�̃�𝑉∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎
] +

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝑉)𝑖,𝑗,𝑘

𝑎
] −

𝜃

2
[(�̃�𝑉)𝑖,𝑗,𝑘

𝑎
]

= (�̃�𝑉)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝑉∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎−1
] − 

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝑉)𝑖,𝑗,𝑘

𝑎−1
]  +  

𝜃

2
[(�̃�𝑉)𝑖,𝑗,𝑘

𝑎−1
]

 
(1.2.1) 

(�̃�𝐷)𝑖,𝑗,𝑘
𝑎

−
𝜃

2
[∇ ∙ (�̃�𝐷∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎
] +

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝐷)𝑖,𝑗,𝑘

𝑎
] −

𝜃

2
[(�̃�𝐷)𝑖,𝑗,𝑘

𝑎
]

= (�̃�𝐷)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝐷∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎−1
] − 

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝐷)𝑖,𝑗,𝑘

𝑎−1
]  +  

𝜃

2
[(�̃�𝐷)𝑖,𝑗,𝑘

𝑎−1
]

 
(1.2.2) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎

−
𝜃

2
[∇ ∙ (�̃�𝐸∇𝜇𝐸)𝑖,𝑗,𝑘

𝑎
] +

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝐸)𝑖,𝑗,𝑘

𝑎
] −

𝜃

2
[(�̃�𝐸)𝑖,𝑗,𝑘

𝑎
]

= (�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝐸∇𝜇𝐸)𝑖,𝑗,𝑘

𝑎−1
] − 

𝜃

2
[∇ ∙ (�̃�𝛼�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
]  +  

𝜃

2
[(�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
]

 
(1.2.3) 

 

Chemical Potentials 

(𝜇𝑇)𝑖,𝑗,𝑘
𝑎 = (

𝜕�̃�𝑏

𝜕�̃�𝑇
)
𝑖,𝑗,𝑘

𝑎

− 𝜖̃𝑇
2 ∇2 [(�̃�𝑇)𝑖,𝑗,𝑘

𝑎
] − 𝜖̃𝑇𝐸

2 ∇2 [(�̃�𝐸)𝑖,𝑗,𝑘
𝑎

] (1.2.4) 

(𝜇𝐸)𝑖,𝑗,𝑘
𝑎 = (

𝜕�̃�𝑏

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎

+ (
𝜕�̃�

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎

− 𝜖�̃�
2 ∇2 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎
] − 𝜖̃𝑇𝐸

2 ∇2 [(�̃�𝑇)𝑖,𝑗,𝑘
𝑎

] (1.2.5) 

 

Pressures and Velocities 

∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖,𝑗,𝑘
𝑎

∇(�̃�)𝑖,𝑗,𝑘
𝑎 ] + (�̃�𝑉 + �̃�𝐷 + �̃�𝐸)𝑖,𝑗,𝑘

𝑎

=
�̃�𝑇
𝜖̃𝑇
∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖𝑗𝑘

𝑎−1
(�̃�𝑇)𝑖,𝑗,𝑘

𝑎−1∇(�̃�𝑇)𝑖,𝑗,𝑘
𝑎−1

]

+ 
�̃�𝐸
𝜖�̃�
∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖𝑗𝑘

𝑎−1
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

]

 

 

(1.2.6) 

∇2(�̃�)𝑖,𝑗,𝑘
𝑎 =

𝑅𝛼,𝛽

�̃�𝛽
(�̃�𝑉 + �̃�𝐷 + �̃�𝐸)𝑖,𝑗,𝑘

𝑎
 (1.2.7) 

(�̃�𝛼)𝑖,𝑗,𝑘
𝑎 = −�̃�𝛼[∇(�̃�)𝑖,𝑗,𝑘

𝑎 −
�̃�𝑇
𝜖̃𝑇
(𝜇𝑇)𝑖,𝑗,𝑘

𝑎 ∇(�̃�𝑇)𝑖,𝑗,𝑘
𝑎

−
�̃�𝐸
𝜖�̃�
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎 ∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎

] (1.2.8) 

(�̃�𝛽)𝑖,𝑗,𝑘
𝑎

= − �̃�𝛽∇(�̃�)𝑖,𝑗,𝑘
𝑎  (1.2.9) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎 = �̃�𝛼 − �̃�∇(�̃�𝐸)𝑖,𝑗,𝑘

𝑎  (1.2.10) 



5 

 

 

Nutrients and Waste Products 

0 =  ∇ ∙ (�̃�𝑛∇�̃�)𝑖,𝑗,𝑘
𝑎

+ �̃�𝐶(�̃�𝑛1)𝑖,𝑗,𝑘
𝑎

 − [(�̃�𝑛1 + �̃�𝑛2)�̃�]𝑖,𝑗,𝑘
𝑎

 (1.2.11) 

0 =  ∇ ∙ (�̃�𝑔∇�̃�)𝑖,𝑗,𝑘
𝑎

+ �̃�𝐶(�̃�𝑔1)𝑖,𝑗,𝑘
𝑎

 − [(�̃�𝑔1 + �̃�𝑔2)�̃�]𝑖,𝑗,𝑘
𝑎

 (1.2.12) 

0 =  ∇ ∙ (�̃�𝑤∇�̃�)𝑖,𝑗,𝑘
𝑎

+ [�̃�𝑛2�̃�  + �̃�𝑟�̃��̃� + �̃�𝑤�̃�𝐶]𝑖,𝑗,𝑘
𝑎

− (�̃�𝑓 + �̃�𝑤)𝑖,𝑗,𝑘
𝑎

(�̃�)𝑖,𝑗,𝑘
𝑎  (1.2.13) 

0 =  − �̃�ℓ∇ ∙ [�̃�ℓ ℓ̃ (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)]
𝑖,𝑗,𝑘

𝑎

+ ∇ ∙ (�̃�ℓ∇ℓ̃)𝑖,𝑗,𝑘
𝑎

+ 2𝑅𝑔,𝑛(�̃�𝑔2�̃�)𝑖,𝑗,𝑘
𝑎

−
1

3
(�̃�𝑛2�̃�)𝑖,𝑗,𝑘

𝑎
+ ℓ̃𝐶(�̃�ℓ)𝑖,𝑗,𝑘

𝑎

− (�̃�ℓℓ̃)𝑖,𝑗,𝑘
𝑎

 

(1.2.14) 

0 =  − �̃�𝑏∇ ∙ [�̃�𝑏�̃� (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎  �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)]
𝑖,𝑗,𝑘

𝑎

+ ∇ ∙ (�̃�𝑏∇�̃�)𝑖,𝑗,𝑘
𝑎

+ (�̃�𝑓�̃�)𝑖,𝑗,𝑘
𝑎

− (�̃�𝑟�̃��̃�)𝑖,𝑗,𝑘
𝑎

 
(1.2.15) 

0 =  − �̃�𝑎∇ ∙ [�̃�𝑎�̃� (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)]
𝑖,𝑗,𝑘

𝑎

+ ∇ ∙ (�̃�𝑎∇�̃�)𝑖,𝑗,𝑘
𝑎

+  2𝑅𝑔,𝑛(�̃�𝑔2�̃�)𝑖,𝑗,𝑘
𝑎

−
1

3
(�̃�𝑛2�̃�)𝑖,𝑗,𝑘

𝑎
+ �̃�𝑓(�̃�)𝑖,𝑗,𝑘

𝑎

− �̃�𝑟(�̃��̃�)𝑖,𝑗,𝑘
𝑎

+ ℓ̃𝐶(�̃�ℓ)𝑖,𝑗,𝑘
𝑎

− (�̃�ℓℓ̃)𝑖,𝑗,𝑘
𝑎

 

(1.2.16) 

0 =  − �̃�𝑠 ∇ ∙ [�̃�𝑠�̃� (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎  �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)]
𝑖,𝑗,𝑘

𝑎

+ ∇ ∙ (�̃�𝑠∇�̃�)𝑖,𝑗,𝑘
𝑎

 
(1.2.17) 

(�̃�)𝑖,𝑗,𝑘
𝑎 = −

1

�̃�𝑟
[�̃�ℓ(ℓ̃)𝑖,𝑗,𝑘

𝑎
+ �̃�𝑏(�̃�)𝑖,𝑗,𝑘

𝑎
+ �̃�𝑎(�̃�)𝑖,𝑗,𝑘

𝑎 + �̃�𝑠(�̃�)𝑖,𝑗,𝑘
𝑎 ] (1.2.18) 

 

Tumorigenic Species 

0 =  ∇ ∙ (�̃�𝑡𝑔𝑓∇𝑡𝑔�̃�)𝑖,𝑗,𝑘
𝑎

+ (λ̃𝑡𝑔𝑓)𝑖,𝑗,𝑘
𝑎

− (λ̃𝑡𝑔𝑓 + λ̃𝑑𝑒,𝑡𝑔𝑓 + λ̃𝑈,𝑡𝑔𝑓)𝑖,𝑗,𝑘
𝑎

(𝑡𝑔�̃�)
𝑖,𝑗,𝑘

𝑎
 (1.2.19) 

0 =  ∇ ∙ (�̃�𝑡𝑎𝑓∇𝑡𝑎�̃�)𝑖,𝑗,𝑘
𝑎

+ (λ̃𝑡𝑎𝑓)𝑖,𝑗,𝑘
𝑎

− (λ̃𝑡𝑎𝑓 + λ̃𝑑𝑒,𝑡𝑎𝑓 + λ̃𝑈,𝑡𝑎𝑓)𝑖,𝑗,𝑘
𝑎

(𝑡𝑎�̃�)
𝑖,𝑗,𝑘

𝑎
 (1.2.20) 

(�̃�)𝑖,𝑗,𝑘
𝑎 −

𝜃

2
[∇ ∙ (�̃�𝑚∇�̃�)𝑖,𝑗,𝑘

𝑎
+ (�̃�𝑚)𝑖,𝑗,𝑘

𝑎
]

= (�̃�)𝑖,𝑗,𝑘
𝑎−1  +  

𝜃

2
[∇ ∙ (�̃�𝑚∇�̃�)𝑖,𝑗,𝑘

𝑎−1
+ (�̃�𝑚)𝑖,𝑗,𝑘

𝑎−1
]

 
(1.2.21) 



(�̃�𝐸)𝑖,𝑗,𝑘
𝑎

+
𝜃

2
[∇ ∙ (�̃�𝐸�̃�𝐸)𝑖,𝑗,𝑘

𝑎
+ ∇ ∙ (�̃�𝐹�̃�𝐸∇𝑡𝑔�̃�)𝑖,𝑗,𝑘

𝑎
− (�̃�𝐹𝐸)𝑖,𝑗,𝑘

𝑎
]

= (�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

− 
𝜃

2
[∇ ∙ (�̃�𝐸�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
+ ∇ ∙ (�̃�𝐹�̃�𝐸∇𝑡𝑔�̃�)𝑖,𝑗,𝑘

𝑎−1
− (�̃�𝐹𝐸)𝑖,𝑗,𝑘

𝑎−1
]

 
(1.2.22) 

 

Blood and Lymphatic Vessels 

(�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎
+
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸�̃�𝐸)𝑖,𝑗,𝑘
𝑎

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐵𝑛𝐸(𝒜𝑐ℎ𝑒,𝐵𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐵𝑛𝐸(𝒜ℎ𝑎𝑝,𝐵𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎
] − ∇ ∙ (�̃�𝐵𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎
− (�̃�𝐵𝑛𝐸)𝑖,𝑗,𝑘

𝑎
}

=  (�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎−1
−
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

− (�̃�𝐵𝑛𝐸)𝑖,𝑗,𝑘
𝑎−1

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐵𝑛𝐸(𝒜𝑐ℎ𝑒,𝐵𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎−1
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐵𝑛𝐸(𝒜ℎ𝑎𝑝,𝐵𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
] − ∇ ∙ (�̃�𝐵𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎−1
}

 

(1.2.23) 

(�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎
+
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸 �̃�𝐸)𝑖,𝑗,𝑘
𝑎

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐿𝑛𝐸(𝒜𝑐ℎ𝑒,𝐿𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐿𝑛𝐸(𝒜ℎ𝑎𝑝,𝐿𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎
] − ∇ ∙ (�̃�𝐿𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎
− (�̃�𝐿𝑛𝐸)𝑖,𝑗,𝑘

𝑎
}

=  (�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎−1
−
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸 �̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐿𝑛𝐸(𝒜𝑐ℎ𝑒,𝐿𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎−1
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐿𝑛𝐸(𝒜ℎ𝑎𝑝,𝐿𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
] − ∇ ∙ (�̃�𝐿𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎−1
− (�̃�𝐿𝑛𝐸)𝑖,𝑗,𝑘

𝑎−1
}

 

(1.2.24) 

 

Extraction of the strain tensor from the set of elastic energy equations shown in Eqs. (2.10) ‒ (2.16) 

is discussed in the next section.  

 

1.3 Multigrid V‒Cycle Iterations 

 

Terms at current time step 𝑎 in equation sets in the previous secction are divided according to their 

iteration sequence.  Each iteration travels through one V‒cycle, starting from the finest mesh level 

(see also Adaptive FAS V-Cycle in Results).  Letting the iteration number be r, we rewrite all 

governing equations and group all known terms entering each V‒cycle to the RHS of equations in the 

following manner (terms computed from the previous iteration of the current time step are in green): 

 

Cells and ECM Components 

(�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟

−
𝜃

2
[∇ ∙ (�̃�𝑉∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎,𝑟
]

= (�̃�𝑉)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝑉∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎−1
− ∇ ∙ (�̃�𝛼�̃�𝑉)𝑖,𝑗,𝑘

𝑎−1
+ (�̃�𝑉)𝑖,𝑗,𝑘

𝑎−1
]

+ 
𝜃

2
[(�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ∇ ∙ (�̃�𝛼�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟−1
]

 

(1.3.1) 
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(�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟

−
𝜃

2
[∇ ∙ (�̃�𝐷∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎,𝑟
]

= (�̃�𝐷)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝐷∇�̃�𝑇)𝑖,𝑗,𝑘

𝑎−1
− ∇ ∙ (�̃�𝛼�̃�𝐷)𝑖,𝑗,𝑘

𝑎−1
+ (�̃�𝐷)𝑖,𝑗,𝑘

𝑎−1
]

+ 
𝜃

2
 [(�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ∇ ∙ (�̃�𝛼�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟−1
]

 

(1.3.2) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟

−
𝜃

2
[∇ ∙ (�̃�𝐸∇𝜇𝐸)𝑖,𝑗,𝑘

𝑎,𝑟
]

= (�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

 +  
𝜃

2
[∇ ∙ (�̃�𝐸∇𝜇𝐸)𝑖,𝑗,𝑘

𝑎−1
− ∇ ∙ (�̃�𝛼�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
+ (�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
]

+ 
𝜃

2
 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ∇ ∙ (�̃�𝛼�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟−1
]

 

(1.3.3) 

 

Chemical Potentials 

(𝜇𝑇)𝑖,𝑗,𝑘
𝑎,𝑟 − (

𝜕�̃�𝑏

𝜕�̃�𝑇
)
𝑖,𝑗,𝑘

𝑎,𝑟

+ 𝜖̃𝑇
2 ∇2(�̃�𝑇)𝑖,𝑗,𝑘

𝑎,𝑟
+ 𝜖̃𝑇𝐸

2 ∇2(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟

= 0 (1.3.4) 

(𝜇𝐸)𝑖,𝑗,𝑘
𝑎,𝑟  −  (

𝜕�̃�𝑏

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎,𝑟

− (
𝜕�̃�

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎,𝑟

+ 𝜖�̃�
2 ∇2 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟
] + 𝜖̃𝑇𝐸

2 ∇2 [(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟

] = 0 (1.3.5) 

 

Pressures and Velocities 

∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

∇(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 ] =  

�̃�𝑇
𝜖̃𝑇
∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖𝑗𝑘

𝑎−1
(𝜇𝑇)𝑖,𝑗,𝑘

𝑎−1∇(�̃�𝑇)𝑖,𝑗,𝑘
𝑎−1

]

+
�̃�𝐸
𝜖�̃�
∇ ∙ [�̃�𝛼(�̃�𝑇 , �̃�𝐸)𝑖𝑗𝑘

𝑎−1
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

]

− (�̃�𝑉 + �̃�𝐷 + �̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

 

(1.3.6) 

∇2(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 =

𝑅𝛼,𝛽

�̃�𝛽
(�̃�𝑉 + �̃�𝐷 + �̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟−1
 (1.3.7) 

(�̃�𝛼)𝑖,𝑗,𝑘
𝑎,𝑟 = −�̃�𝛼[∇(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟 −
�̃�𝑇
𝜖̃𝑇
(𝜇𝑇)𝑖,𝑗,𝑘

𝑎,𝑟 ∇(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟

−
�̃�𝐸
𝜖�̃�
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟 ∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟

] (1.3.8) 

(�̃�𝛽)𝑖,𝑗,𝑘
𝑎,𝑟

= − �̃�𝛽∇(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟  (1.3.9) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟 = (�̃�𝛼)𝑖,𝑗,𝑘

𝑎,𝑟 − �̃�∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟  (1.3.10) 

 

Nutrients and Waste Products 

∇ ∙ (�̃�𝑛
𝑎,𝑟−1

 ∇ �̃�𝑎,𝑟)
𝑖,𝑗,𝑘

 − (�̃�𝑛1 + �̃�𝑛2)𝑖,𝑗,𝑘
𝑎,𝑟−1

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 = − �̃�𝐶(�̃�𝑛1)𝑖,𝑗,𝑘

𝑎,𝑟−1
 (1.3.11) 

∇ ∙ (�̃�𝑔
𝑎,𝑟−1

 ∇ �̃�𝑎,𝑟)
𝑖,𝑗,𝑘

 − (�̃�𝑔1 + �̃�𝑔2)𝑖,𝑗,𝑘
𝑎,𝑟−1

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 = − �̃�𝐶(�̃�𝑔1)𝑖,𝑗,𝑘

𝑎,𝑟−1
 (1.3.12) 



∇ ∙ (�̃�𝑤
𝑎,𝑟−1

 ∇ �̃�𝑎,𝑟)
𝑖,𝑗,𝑘

 − (�̃�𝑓 + �̃�𝑤)𝑖,𝑗,𝑘
𝑎,𝑟−1

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 = − [�̃�𝑛2�̃�  + �̃�𝑟�̃��̃� + �̃�𝑤�̃�𝐶]𝑖,𝑗,𝑘

𝑎,𝑟−1
 (1.3.13) 

∇ ∙ (�̃�ℓ
𝑎,𝑟−1

∇ℓ̃𝑎,𝑟)
𝑖,𝑗,𝑘

− (�̃�ℓ)𝑖,𝑗,𝑘
𝑎,𝑟−1

(ℓ̃)
𝑖,𝑗,𝑘

𝑎,𝑟

− �̃�ℓ∇ ∙ [ �̃�ℓ
𝑎,𝑟−1

 ℓ̃𝑎,𝑟 (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)

𝑎,𝑟−1

]

𝑖,𝑗,𝑘

= 
1

3
(�̃�𝑛2�̃�)𝑖,𝑗,𝑘

𝑎,𝑟−1
−  2𝑅𝑔,𝑛(�̃�𝑔2�̃�)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ℓ̃𝐶(�̃�ℓ)𝑖,𝑗,𝑘

𝑎,𝑟−1

 

(1.3.14) 

∇ ∙ (�̃�𝑏
𝑎,𝑟−1

∇�̃�𝑎,𝑟)
𝑖,𝑗,𝑘

− �̃�𝑟(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1(�̃�)

𝑖,𝑗,𝑘

𝑎,𝑟

− �̃�𝑏∇ ∙ [ �̃�𝑏
𝑎,𝑟−1

 �̃�𝑎,𝑟 (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)

𝑎,𝑟−1

]

𝑖,𝑗,𝑘

= − �̃�𝑓(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1

 

(1.3.15) 

∇ ∙ (�̃�𝑎
𝑎,𝑟−1

∇�̃�𝑎,𝑟)
𝑖,𝑗,𝑘

− �̃�𝑟(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟

− �̃�𝑎∇ ∙ [ �̃�𝑎
𝑎,𝑟−1

 �̃�𝑎,𝑟 (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)

𝑎,𝑟−1

]

𝑖,𝑗,𝑘

= − 2𝑅𝑔,𝑛(�̃�𝑔2�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

3
(�̃�𝑛2�̃�)𝑖,𝑗,𝑘

𝑎,𝑟−1
− �̃�𝑓(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟−1 − ℓ̃𝐶(�̃�ℓ)𝑖,𝑗,𝑘
𝑎,𝑟−1

+ (�̃�ℓℓ̃)𝑖,𝑗,𝑘
𝑎,𝑟−1

 

(1.3.16) 

∇ ∙ (�̃�𝑠
𝑎,𝑟−1

 ∇ �̃�𝑎,𝑟)
𝑖,𝑗,𝑘

− �̃�𝑠∇ ∙ [�̃�𝑠
𝑎,𝑟−1

 �̃�𝑎,𝑟 (
�̃�ℓ�̃�ℓ∇ℓ̃ + �̃�𝑏�̃�𝑏∇�̃� + �̃�𝑎∇�̃� + �̃�𝑠�̃�𝑠∇�̃� + �̃�𝑟�̃�𝑟∇�̃�

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎  �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟  �̃�
)

𝑎,𝑟−1

]

𝑖,𝑗,𝑘

= 0

 

(1.3.17) 

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 = −

1

�̃�𝑟
[�̃�ℓ(ℓ̃)𝑖,𝑗,𝑘

𝑎,𝑟
+ �̃�𝑏(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟
+ �̃�𝑎(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟 + �̃�𝑠(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 ] (1.3.18) 

 

Tumorigenic Species 

∇ ∙ (�̃�𝑡𝑔𝑓
𝑎,𝑟−1

 ∇ 𝑡𝑔�̃�𝑎,𝑟)
𝑖,𝑗,𝑘

− (λ̃𝑡𝑔𝑓 + λ̃𝑑𝑒,𝑡𝑔𝑓 + λ̃𝑈,𝑡𝑔𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

(𝑡𝑔�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟

= − (λ̃𝑡𝑔𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

 

(1.3.19) 

∇ ∙ (�̃�𝑡𝑎𝑓
𝑎,𝑟−1

 ∇ 𝑡𝑎�̃�𝑎,𝑟)
𝑖,𝑗,𝑘

− (λ̃𝑡𝑎𝑓 + λ̃𝑑𝑒,𝑡𝑎𝑓 + λ̃𝑈,𝑡𝑎𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

(𝑡𝑎�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟

= − (λ̃𝑡𝑎𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

 
(1.3.20) 
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(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟 −

𝜃

2
[∇ ∙ (�̃�𝑚

𝑎,𝑟−1
∇�̃�𝑎,𝑟)

𝑖,𝑗,𝑘
]

= (�̃�)𝑖,𝑗,𝑘
𝑎−1  +  

𝜃

2
[∇ ∙ (�̃�𝑚∇�̃�)𝑖,𝑗,𝑘

𝑎−1
+ (�̃�𝑚)𝑖,𝑗,𝑘

𝑎−1
]  +  

𝜃

2
[(�̃�𝑚)𝑖,𝑗,𝑘

𝑎,𝑟−1
]

 
(1.3.21) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟

= (�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

− 
𝜃

2
 [∇ ∙ (�̃�𝐸�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
+ ∇ ∙ (�̃�𝐹�̃�𝐸∇𝑡𝑔�̃�)𝑖,𝑗,𝑘

𝑎−1
− (�̃�𝐹𝐸)𝑖,𝑗,𝑘

𝑎−1
]

+ 
𝜃

2
 [(�̃�𝐹𝐸)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ∇ ∙ (�̃�𝐸�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟−1
− ∇ ∙ (�̃�𝐹�̃�𝐸∇𝑡𝑔�̃�)𝑖,𝑗,𝑘

𝑎,𝑟−1
]

 
(1.3.22) 

 

Blood and Lymphatic Vessels 

(�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎,𝑟
+
𝜃

2
{∇ ∙ [χ̃𝑐ℎ𝑒,𝐵𝑛𝐸(𝒜𝑐ℎ𝑒,𝐵𝑛𝐸)

𝑎,𝑟−1
 (�̃�𝑛

𝐸)
𝑎,𝑟
 ∇ 𝑡𝑎�̃�𝑎,𝑟]

𝑖,𝑗,𝑘

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐵𝑛𝐸  (𝒜ℎ𝑎𝑝,𝐵𝑛𝐸)
𝑎,𝑟−1

 (�̃�𝑛
𝐸)
𝑎,𝑟
 ∇ (�̃�𝐸)

𝑎,𝑟
]
𝑖,𝑗,𝑘

− ∇ ∙ [(�̃�𝐵𝑛𝐸 )
𝑎,𝑟−1

  ∇ (�̃�𝑛
𝐸)
𝑎,𝑟
]
𝑖,𝑗,𝑘

}

=  (�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎−1
−
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸�̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐵𝑛𝐸(𝒜𝑐ℎ𝑒,𝐵𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎−1
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐵𝑛𝐸(𝒜ℎ𝑎𝑝,𝐵𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
] − ∇ ∙ (�̃�𝐵𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎−1
− (�̃�𝐵𝑛𝐸)𝑖,𝑗,𝑘

𝑎−1
}

− 
𝜃

2
 [∇ ∙ (�̃�𝑛

𝐸  �̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

− (�̃�𝐵𝑛𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

]

 

(1.3.23) 

(�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎,𝑟
+
𝜃

2
 { ∇ ∙ [χ̃𝑐ℎ𝑒,𝐿𝑛𝐸  (𝒜𝑐ℎ𝑒,𝐿𝑛𝐸)

𝑎,𝑟−1
 (�̃�𝑛

𝐸)
𝑎,𝑟
 ∇ 𝑡𝑎�̃�𝑎,𝑟]

𝑖,𝑗,𝑘

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐿𝑛𝐸  (𝒜ℎ𝑎𝑝,𝐿𝑛𝐸)
𝑎,𝑟−1

 (�̃�𝑛
𝐸)

𝑎,𝑟
 ∇ (�̃�𝐸)

𝑎,𝑟
]
𝑖,𝑗,𝑘

− ∇ ∙ [(�̃�𝐿𝑛𝐸 )
𝑎,𝑟−1

  ∇ (�̃�𝑛
𝐸)

𝑎,𝑟
]
𝑖,𝑗,𝑘

}

=  (�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎−1
−
𝜃

2
{∇ ∙ (�̃�𝑛

𝐸  �̃�𝐸)𝑖,𝑗,𝑘
𝑎−1

+ ∇ ∙ [χ̃𝑐ℎ𝑒,𝐿𝑛𝐸(𝒜𝑐ℎ𝑒,𝐿𝑛𝐸�̃�𝑛
𝐸∇𝑡𝑎�̃�)

𝑖,𝑗,𝑘

𝑎−1
]

+ ∇ ∙ [�̃�ℎ𝑎𝑝,𝐿𝑛𝐸(𝒜ℎ𝑎𝑝,𝐿𝑛𝐸�̃�𝑛
𝐸∇�̃�𝐸)𝑖,𝑗,𝑘

𝑎−1
] − ∇ ∙ (�̃�𝐿𝑛𝐸∇�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎−1
− (�̃�𝐿𝑛𝐸)𝑖,𝑗,𝑘

𝑎−1
}

− 
𝜃

2
 [∇ ∙ (�̃�𝑛

𝐸  �̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

− (�̃�𝐿𝑛𝐸)𝑖,𝑗,𝑘
𝑎,𝑟−1

]

 

(1.3.24) 

 

 

Displacement vectors are computed at the beginning of each time step from ∇ ∙ �̃�𝑖 = 0, using 

relations listed in Eqs. (2.10) ‒ (2.16) and known values from the previous iteration.  The 𝑚‒

component of the displacement vector can therefore be written as (current unknown is shown in red): 

 



4 {𝐴𝑚(�̃�2 + �̃�1)𝑚+1
2
+ 𝐴𝑚(�̃�2 + �̃�1)𝑚−1

2
+ ∑ [𝐴𝑛(�̃�2)𝑛+1

2
+ 𝐴𝑛(�̃�2)𝑛−1

2
]

𝑛={𝑥,𝑦,𝑧}

} (𝑢𝑚
𝑑 )𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

=  8 𝐴𝑚(�̃�2)𝑚+1
2

(𝑢𝑚
𝑑 )𝑚+1 + 8 𝐴𝑚(�̃�2)𝑚−1

2

(𝑢𝑚
𝑑 )𝑚−1

+ 𝐴𝑚(�̃�1)𝑚+1
2

{
 

 
∑ [(𝑢𝑛

𝑑)𝑚+1,𝑛+1 + (𝑢𝑛
𝑑)𝑛+1 − (𝑢𝑛

𝑑)𝑚+1,𝑛−1 − (𝑢𝑛
𝑑)𝑛−1]

𝑛={𝑥,𝑦,𝑧}
𝑛≠𝑚

+ 4(𝑢𝑚
𝑑 )𝑚+1

}
 

 

−𝐴𝑚(�̃�1)𝑚−1
2

{
 

 
∑ [(𝑢𝑛

𝑑)𝑚−1,𝑛+1 + (𝑢𝑛
𝑑)𝑛+1 − (𝑢𝑛

𝑑)𝑚−1,𝑛−1 − (𝑢𝑛
𝑑)𝑛−1]

𝑛={𝑥,𝑦,𝑧}
𝑛≠𝑚

− 4(𝑢𝑚
𝑑 )𝑚−1

}
 

 

+ ∑ { 𝐴𝑛(�̃�2)𝑛+1
2
[(𝑢𝑛

𝑑)𝑚+1,𝑛+1 + (𝑢𝑛
𝑑)𝑚+1 − (𝑢𝑛

𝑑)𝑚−1 − (𝑢𝑛
𝑑)𝑚−1,𝑛+1 + 4(𝑢𝑚

𝑑 )𝑛+1]

 − 𝐴𝑛(�̃�2)𝑛−1
2
[(𝑢𝑛

𝑑)𝑚+1,𝑛−1 + (𝑢𝑛
𝑑)𝑚+1 − (𝑢𝑛

𝑑)𝑚−1 − (𝑢𝑛
𝑑)𝑚−1,𝑛−1 − 4(𝑢𝑚

𝑑 )𝑛−1]}
𝑛={𝑥,𝑦,𝑧}
𝑛≠𝑚

− 2 𝜂 [(�̃�𝑇,𝑚1
∗ )

𝑖+1,𝑗,𝑘
− (�̃�𝑇,𝑚1

∗ )
𝑖−1,𝑗,𝑘

+ (�̃�𝑇,𝑚2
∗ )

𝑖,𝑗+1,𝑘
− (�̃�𝑇,𝑚2

∗ )
𝑖,𝑗−1,𝑘

+ (�̃�𝑇,𝑚3
∗ )

𝑖,𝑗,𝑘+1

  −(�̃�𝑇,𝑚3
∗ )

𝑖,𝑗,𝑘−1
]

 

(1.3.25

) 

 

where the subscript 𝑚 represents both the direction 𝑥, 𝑦, or 𝑧 and its corresponding index 𝑖, 𝑗, or 𝑘.  

Terms �̃�𝑇,𝑚𝑖
∗  are computed from 

 

�̃�𝑇,𝑖𝑗
∗  =  �̃�𝑇,𝑗𝑖

∗ = 2 �̃�2 ℰ̃𝑖𝑗
∗  (1.3.26) 

�̃�𝑇,𝑖𝑖
∗ = 2 �̃�2 ℰ̃𝑖𝑖

∗ + �̃�1∑ℰ̃𝑘𝑘
∗

3

𝑘=1

 (1.3.27) 

 

Let the set of variables be 𝛙.  With the exceptions of Eqs. (1.3.4), (1.3.5), (1.3.8) ‒ (1.3.10) and 

(1.3.18), all terms on the RHS of equations above, which pertain to the previous time step 𝑎 − 1 and 

the previous iteration of the current time step 𝑎, 𝑟 − 1, for each variable 𝝒 are grouped as 

𝑅𝜘(𝛙𝑖,𝑗,𝑘
𝑎−1, 𝛙𝑖,𝑗,𝑘

𝑎,𝑟−1 ), and let the LHS of equations be 𝐿𝜘(𝛙𝑖,𝑗,𝑘
𝑎,𝑟 , 𝛙𝑖,𝑗,𝑘

𝑎,𝑟−1 ).  We aim to seek a unique 

solution for the set of equations 𝑳(𝛙𝑖,𝑗,𝑘
𝑎,𝑟 , 𝛙𝑖,𝑗,𝑘

𝑎,𝑟−1 ) = 𝑹(𝛙𝑖,𝑗,𝑘
𝑎−1, 𝛙𝑖,𝑗,𝑘

𝑎,𝑟−1 ), where we have defined 

𝑳 = (𝐿𝑉, 𝐿𝐷 , ⋯ , 𝐿𝐿𝑛𝐸) as the operator terms and 𝑹 = (𝑅𝑉, 𝑅𝐷 , ⋯ , 𝑅𝐿𝑛𝐸) as their corresponding source 

terms. 

 

1.4 Nonlinear Gauss‒Seidel Relaxations 

 

The FAS uses local linearization such as the nonlinear Gauss-Seidel (GS) smoothing described in this 

section.  We show the lexicographical Gauss-Seidel (GS-LEX) method here because of its simplicity.  
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In our relaxation procedure, the red-black ordering of the GS scheme (GS-RB) is used for faster 

convergence. 

 

Letting the current smoothing pass be 𝑛, one smoothing step consists of relaxing the following 

system of equations lexicographically to obtain 𝛙𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

 (current time step, current iteration, and 

previous sweep are in peach; current time step, current iteration, and current sweep with already 

updated variables are in pink, while those variables to be updated are in red): 

 

Cells and ECM Components 

(�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

+ (�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 𝜃�̃�

4 𝜂2
[(�̃�𝑉)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑉)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑉)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ 6 (�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

+(�̃�𝑉)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝑉)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝑉)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1

]

= 𝑅𝑉(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) +
𝜃�̃�

4 𝜂2
{(�̃�𝑇)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝑉)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝑇)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 [(�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑉)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
] + (𝜇𝑇)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝑉)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝑇)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 [(�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑉)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
] + (𝜇𝑇)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 [(�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝑉)𝑖−1,𝑗,𝑘
𝑎,𝑟,𝑛

]

+ (𝜇𝑇)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛 [(�̃�𝑉)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑉)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
]}

 

(1.4.1) 

(�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

+ (𝜇𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 𝜃�̃�

4 𝜂2
[(�̃�𝐷)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐷)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐷)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ 6 (�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

+(�̃�𝐷)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐷)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐷)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1

]

= 𝑅𝐷(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) +
𝜃�̃�

4 𝜂2
{(�̃�𝑇)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐷)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝑇)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 [(�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐷)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
] + (�̃�𝑇)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐷)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝑇)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 [(�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐷)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
] + (�̃�𝑇)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 [(�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐷)𝑖−1,𝑗,𝑘
𝑎,𝑟,𝑛

]

+ (𝜇𝑇)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛 [(�̃�𝐷)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐷)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
]}

 

(1.4.2) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

+ (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 𝜃�̃�

4 𝜂2
[(�̃�𝐸)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ 6 (�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

+(�̃�𝐸)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1

]

= 𝑅𝐸(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) +
𝜃�̃�

4 𝜂2
{(𝜇𝐸)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝐸)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
] + (�̃�𝐸)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

]

+ (𝜇𝐸)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
] + (�̃�𝐸)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 [(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖−1,𝑗,𝑘
𝑎,𝑟,𝑛

]

+ (𝜇𝐸)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛 [(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
]}

 

(1.4.3) 



 

Chemical Potentials 

(𝜇𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 − [

6𝜖̃𝑇
2

𝜂2
+ (

𝜕2�̃�𝑏

𝜕�̃�𝑇
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

] (�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

−
6𝜖̃𝑇𝐸

2

𝜂2
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅𝜇𝑇(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) + [(
𝜕�̃�𝑏

𝜕�̃�𝑇
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

− (�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

(
𝜕2�̃�𝑏

𝜕�̃�𝑇
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

]

− 
𝜖̃𝑇

2

𝜂2
[(�̃�𝑇)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑇)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑇)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
]

− 
𝜖̃𝑇𝐸

2

𝜂2
[(�̃�𝐸)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
]

 

(1.4.4

) 

(𝜇𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 − [

6 𝜖�̃�
2

𝜂2
+ (

𝜕2�̃�𝑏

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

+ (
𝜕2�̃�

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

] (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

− 
6 𝜖̃𝑇𝐸

2

𝜂2
(�̃�𝑇)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
 

= 𝑅𝜇𝐸(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) + [(
𝜕�̃�𝑏

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

− (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

(
𝜕2�̃�𝑏

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

]

+ [(
𝜕�̃�

𝜕�̃�𝐸
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

− (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

(
𝜕2�̃�

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

]

− 
𝜖�̃�

2

𝜂2
[(�̃�𝐸)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ (�̃�𝐸)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝐸)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
]

− 
𝜖̃𝑇𝐸

2

𝜂2
[(�̃�𝑇)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖,𝑗−1,𝑘

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛
+ (�̃�𝑇)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑇)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1
+ (�̃�𝑇)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1
]

 

(1.4.5

) 

 

Pressures and Velocities 

−
1

2𝜂2
(�̃�𝛼

𝑘)𝑎,𝑟−1(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 =  𝑅𝑝(𝛙𝒊,𝒋,𝒌

𝒂−𝟏, 𝛙𝒊,𝒋,𝒌
𝒂,𝒓−𝟏 ) −

1

2𝜂2
[(�̃�

1

𝑘𝛼,𝑝)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝑘𝛼,𝑝)

𝑎,𝑟,𝑛
 ] (1.4.6) 

−
6

𝜂2
(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛 =  𝑅𝑞(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

𝜂2
[(�̃�)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 + (�̃�)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 + (�̃�)𝑖,𝑗,𝑘−1

𝑎,𝑟,𝑛

+ (�̃�)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1 + (�̃�)𝑖,𝑗+1,𝑘

𝑎,𝑟,𝑛−1 + (�̃�)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1]

 
(1.4.7) 

(�̃�𝛼)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 = −�̃�𝛼[∇(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛 −
�̃�𝑇
𝜖̃𝑇
(�̃�𝑇)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛∇(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

−
�̃�𝑇
𝜖̃𝑇
(𝜇𝑀)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛∇(�̃�𝑀)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

−
�̃�𝐺
𝜖�̃�
(�̃�𝐺)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛∇(�̃�𝐺)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

−
�̃�𝐸
𝜖�̃�
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

]

 

(1.4.8) 

(�̃�𝛽)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= − �̃�𝛽∇(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 (1.4.9) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 = (�̃�𝛼)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛 − �̃�∇(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 (1.4.10) 
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Nutrients and Waste Products 

−[(�̃�𝑛1 + �̃�𝑛2)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

2 𝜂2
(�̃�𝑛

𝐷)𝑎,𝑟−1] (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= 𝑅𝑛(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑛)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑛)

𝑎,𝑟,𝑛
]

 

(1.4.11) 

−[(�̃�𝑔1 + �̃�𝑔2)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

2 𝜂2
(�̃�𝑔

𝐷)
𝑎,𝑟−1

] (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= 𝑅𝑔(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑔
)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑔
)
𝑎,𝑟,𝑛

]

 

(1.4.12) 

−[ (�̃�𝑓 + �̃�𝑤)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

2 𝜂2
(�̃�𝑤

𝐷)𝑎,𝑟−1] (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= 𝑅𝑤(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑤)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑤)

𝑎,𝑟,𝑛
]

 

(1.4.13) 

−[
1

2 𝜂2
(�̃�ℓ

𝐷)𝑎,𝑟−1 +
�̃�ℓ
2𝜂
(�̃�𝒩ℓ,ℓ + �̃�𝒩ℓ,𝑏 + �̃�𝒩ℓ,𝑎 + �̃�𝒩ℓ,𝑠 + �̃�𝒩ℓ,𝑟)

+ (�̃�ℓ)𝑖,𝑗,𝑘
𝑎,𝑟−1

] (ℓ̃)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅ℓ(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,ℓ)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,ℓ)

𝑎,𝑟,𝑛
]

+
�̃�ℓ
2𝜂
(�̃�𝒩ℓ,ℓ,ℓ + �̃�𝒩ℓ,𝑏,ℓ + �̃�𝒩ℓ,𝑎,ℓ + �̃�𝒩ℓ,𝑠,ℓ + �̃�𝒩ℓ,𝑟,ℓ)

 

(1.4.14) 

−[
1

2 𝜂2
(�̃�𝑏

𝐷)𝑎,𝑟−1 +
�̃�𝑏
2𝜂
(�̃�𝒩𝑏,ℓ + �̃�𝒩𝑏,𝑏 + �̃�𝒩𝑏,𝑎 + �̃�𝒩𝑏,𝑠 + �̃�𝒩𝑏,𝑟)

+ �̃�𝑟(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1] (�̃�)

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅𝑏(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑏)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑏)

𝑎,𝑟,𝑛
]

+
�̃�𝑏
2𝜂
(�̃�𝒩𝑏,ℓ,𝑏 + �̃�𝒩𝑏,𝑏,𝑏 + �̃�𝒩𝑏,𝑎,𝑏 + �̃�𝒩𝑏,𝑠,𝑏 + �̃�𝒩𝑏,𝑟,𝑏)

 

(1.4.15) 

−[
1

2 𝜂2
(�̃�𝑎

𝐷)𝑎,𝑟−1 +
�̃�𝑎
2𝜂
(�̃�𝒩𝑎,ℓ + �̃�𝒩𝑎,𝑏 + �̃�𝒩𝑎,𝑎 + �̃�𝒩𝑎,𝑠 + �̃�𝒩𝑎,𝑟)

+ �̃�𝑟(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟−1

] (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= 𝑅𝑎(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑎)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑎)

𝑎,𝑟,𝑛
]

+
�̃�𝑎
2𝜂
(�̃�𝒩𝑎,ℓ,𝑎 + �̃�𝒩𝑎,𝑏,𝑎 + �̃�𝒩𝑎,𝑎,𝑎 + �̃�𝒩𝑎,𝑠,𝑎 + �̃�𝒩𝑎,𝑟,𝑎)

 

(1.4.16) 



−[
1

2 𝜂2
(�̃�𝑠

𝐷)𝑎,𝑟−1 +
�̃�𝑠
2𝜂
(�̃�𝒩𝑠,ℓ + �̃�𝒩𝑠,𝑏 + �̃�𝒩𝑠,𝑎 + �̃�𝒩𝑠,𝑠 + �̃�𝒩𝑠,𝑟)] (�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅𝑠(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑠)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑠)

𝑎,𝑟,𝑛
]

+
�̃�𝑠
2𝜂
(�̃�𝒩𝑠,ℓ,𝑠 + �̃�𝒩𝑠,𝑏,𝑠 + �̃�𝒩𝑠,𝑎,𝑠 + �̃�𝒩𝑠,𝑠,𝑠 + �̃�𝒩𝑠,𝑟,𝑠)

 

(1.4.17) 

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 = −

1

�̃�𝑟
[�̃�ℓ(ℓ̃)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
+ �̃�𝑏(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
+ �̃�𝑎(�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛 + �̃�𝑠(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛] (1.4.18) 

 

Tumorigenic Species 

−[ (λ̃𝑡𝑔𝑓 + λ̃𝑑𝑒,𝑡𝑔𝑓 + λ̃𝑈,𝑡𝑔𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

2 𝜂2
(�̃�𝑡𝑔𝑓

𝐷 )
𝑎,𝑟−1

] (𝑡𝑔�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
 

= 𝑅𝑡𝑔𝑓(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑡𝑔𝑓
)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑡𝑔𝑓

)
𝑎,𝑟,𝑛

]

 

(1.4.19) 

−[ (λ̃𝑡𝑎𝑓 + λ̃𝑑𝑒,𝑡𝑎𝑓 + λ̃𝑈,𝑡𝑎𝑓)𝑖,𝑗,𝑘
𝑎,𝑟−1

+
1

2 𝜂2
(�̃�𝑡𝑎𝑓

𝐷 )
𝑎,𝑟−1

] (𝑡𝑎�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
 

= 𝑅𝑡𝑎𝑓(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
1

2 𝜂2
[(�̃�1

𝐷,𝑡𝑎𝑓
)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑡𝑎𝑓

)
𝑎,𝑟,𝑛

]

 

(1.4.20) 

[ 1 + 
𝜃

4 𝜂2
(�̃�𝑚

𝐷 )𝑎,𝑟−1] (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛 

= 𝑅𝑚(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) +
𝜃

4 𝜂2
[(�̃�1

𝐷,𝑚)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝑚)

𝑎,𝑟,𝑛
]

 

(1.4.21) 

(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= 𝑅𝐹𝐸(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) (1.4.22) 

 

Blood and Lymphatic Vessels 

{1 +
𝜃

4𝜂
[χ̃𝑐ℎ𝑒,𝐵𝑛𝐸�̃�𝐶ℎ𝑒𝐵,𝑡𝑎𝑓 + �̃�ℎ𝑎𝑝,𝐵𝑛𝐸�̃�𝐻𝑎𝑝𝐵,𝐸 +

1

𝜂
(�̃�𝐵𝑛𝐸

𝐷 )𝑎,𝑟−1]} (�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅𝐵𝑛𝐸(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
𝜃

4𝜂
{ χ̃𝑐ℎ𝑒,𝐵𝑛𝐸�̃�𝐶ℎ𝑒𝐵,𝐵𝑛𝐸,𝑡𝑎𝑓 + �̃�ℎ𝑎𝑝,𝐵𝑛𝐸�̃�𝐻𝑎𝑝𝐵,𝐵𝑛𝐸,𝐸

− 
1

𝜂
[(�̃�1

𝐷,𝐵𝑛𝐸)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝐵𝑛𝐸)

𝑎,𝑟,𝑛
]}

 

(1.4.23) 

{1 +
𝜃

4𝜂
[χ̃𝑐ℎ𝑒,𝐿𝑛𝐸�̃�𝐶ℎ𝑒𝐿,𝑡𝑎𝑓 + 𝜒ℎ𝑎𝑝,𝐿𝑛𝐸�̃�𝐻𝑎𝑝𝐿,𝐸 +

1

𝜂
(�̃�𝐿𝑛𝐸

𝐷 )𝑎,𝑟−1]} (�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛

= 𝑅𝐿𝑛𝐸(𝛙𝒊,𝒋,𝒌
𝒂−𝟏, 𝛙𝒊,𝒋,𝒌

𝒂,𝒓−𝟏 ) −
𝜃

4𝜂
{ χ̃𝑐ℎ𝑒,𝐿𝑛𝐸�̃�𝐶ℎ𝑒𝐿,𝐿𝑛𝐸,𝑡𝑎𝑓 + �̃�ℎ𝑎𝑝,𝐿𝑛𝐸�̃�𝐻𝑎𝑝𝐿,𝐿𝑛𝐸,𝐸

  − 
1

𝜂
[(�̃�1

𝐷,𝐿𝑛𝐸)
𝑎,𝑟,𝑛−1

+ (�̃�2
𝐷,𝐿𝑛𝐸)

𝑎,𝑟,𝑛
]}

 

(1.4.24) 
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Tissue myofibroblastic cell concentration is obtained from (�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
= (�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
(�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, whereas 

tissue blood and lymphatic vessel concentrations are calculated from their concentrations in ECM, 

(�̃�𝑛)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

= (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

(�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
 and (�̃�𝑛)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
= (�̃�𝐸)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
(�̃�𝑛
𝐸)

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
. 

  

The second-derivative terms in Eqs. (1.4.4) & (1.4.5) result from the Taylor expansion used in 

estimating (𝜕�̃�𝑏 𝜕�̃�𝑇⁄ )
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
 , (𝜕�̃�𝑏 𝜕�̃�𝐸⁄ )

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, and (𝜕�̃� 𝜕�̃�𝐸⁄ )

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
.  Using Eqs. (2.7) – (2.9), the 

second derivative terms are computed as: 

 

(
𝜕2�̃�𝑏

𝜕�̃�𝑇
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

= 12𝐴1(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

[(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

− 1]

+ 2𝐴1 [(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

− 1]
2

 
(1.4.25) 

 

(
𝜕2�̃�𝑏

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

= 2𝐴1 [(�̃�𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

]
2

− 6(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

+ 2(1 + 𝐴2 + 𝐴4 − 𝐴5) (1.4.26) 

 

(
𝜕2�̃�

𝜕�̃�𝐸
2
)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛−1

= 𝜖�̃� {6 [1 − 2(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

] ∑ [
1

2
(ℰ̃𝑇)𝑚𝑛�̃�𝑚𝑛

∗ − (ℰ̃𝑇
∗)
𝑚𝑛
�̃�𝑚𝑛]

3

𝑚,𝑛=1

 +

[6(�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

(1 − (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛−1

)]
2

∑ (ℰ̃𝑇
∗)
𝑚𝑛
[(�̃�𝑇)𝑚𝑛 − 2 �̃�𝑚𝑛

∗ ]

3

𝑚,𝑛=1

}

 (1.4.27) 

 

where (ℰ̃𝑇)𝑚𝑛, �̃�𝑚𝑛
∗ , (ℰ̃𝑇

∗)
𝑚𝑛

, and �̃�𝑚𝑛 are calculated as in Eqs. (2.10) – (2.16) and (�̃�𝑇)𝑚𝑛 is given 

by 

(�̃�𝑇)𝑚𝑛 = 2 �̃�2 (ℰ̃𝑇
∗)
𝑚𝑛

+ �̃�1𝛿𝑚𝑛∑(ℰ̃𝑇
∗)
𝑘𝑘

3

𝑘=1

  . (1.4.28) 

 

In Eqs. (1.4.14) ‒ (1.4.17), terms in the forms of �̃�𝒩𝜎,𝛾 and �̃�𝒩𝜎,𝛾,𝜎 are computed as: 

 



�̃�𝒩𝜎,𝛾 =  𝐴𝑥(�̃�𝜎
𝛾
)
𝑖+
1
2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(�̃�)

𝑖+
1
2
,𝑗,𝑘

𝑎,𝑟−1 − 𝐴𝑥(�̃�𝜎
𝛾
)
𝑖−
1
2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(�̃�)

𝑖−
1
2
,𝑗,𝑘

𝑎,𝑟−1

+ 𝐴𝑦(�̃�𝜎
𝛾
)
𝑖,𝑗+

1
2
,𝑘

𝑎,𝑟−1
𝐷𝑦(�̃�)

𝑖,𝑗+
1
2
,𝑘

𝑎,𝑟−1 − 𝐴𝑦(�̃�𝜎
𝛾
)
𝑖,𝑗−

1
2
,𝑘

𝑎,𝑟−1
𝐷𝑦(�̃�)

𝑖,𝑗−
1
2
,𝑘

𝑎,𝑟−1

+ 𝐴𝑧(�̃�𝜎
𝛾
)
𝑖,𝑗,𝑘+

1
2

𝑎,𝑟−1
𝐷𝑧(�̃�)

𝑖,𝑗,𝑘+
1
2

𝑎,𝑟−1 − 𝐴𝑧(�̃�𝜎
𝛾
)
𝑖,𝑗,𝑘−

1
2

𝑎,𝑟−1
𝐷𝑧(�̃�)

𝑖,𝑗,𝑘−
1
2

𝑎,𝑟−1

= �̃�𝜎𝛾1 − �̃�𝜎𝛾2 + �̃�𝜎𝛾3 − �̃�𝜎𝛾4 + �̃�𝜎𝛾5 − �̃�𝜎𝛾6

 

(1.4.29) 

 

�̃�𝒩𝜎,𝛾,𝜎  = �̃�𝜎𝛾1(�̃�)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1 − �̃�𝜎𝛾2(�̃�)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 + �̃�𝜎𝛾3(�̃�)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

− �̃�𝜎𝛾4(�̃�)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 + �̃�𝜎𝛾5(�̃�)𝑖,𝑗,𝑘+1

𝑎,𝑟,𝑛−1 − �̃�𝜎𝛾6(�̃�)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛

 
(1.4.30) 

 

where 𝜎 = {ℓ̃, �̃�, �̃�, �̃�}, 𝛾 = {ℓ̃, �̃�, �̃�, �̃�, �̃�}, and �̃�𝜎
𝛾
 represents 

 

(�̃�𝜎
𝛾
)
𝑖,𝑗,𝑘

𝑎,𝑟−1
 =  (�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1
(

�̃�𝛾 �̃�𝛾

�̃�ℓ
2 �̃�ℓ ℓ̃ + �̃�𝑏

2 �̃�𝑏 �̃� + �̃�𝑎 �̃� + �̃�𝑠2 �̃�𝑠 �̃� + �̃�𝑟2 �̃�𝑟 �̃�
)
𝑖,𝑗,𝑘

𝑎,𝑟−1

= (�̃�𝜎)𝑖,𝑗,𝑘
𝑎,𝑟−1

(
�̃�𝛾 �̃�𝛾

�̃�
)
𝑖,𝑗,𝑘

𝑎,𝑟−1

= (�̃�𝜎)𝑖,𝑗,𝑘
𝑎,𝑟−1

 (�̃�𝛾)𝑖,𝑗,𝑘
𝑎,𝑟−1

  .

 

(1.4.31) 

 

Letting σ represent blood (B) and lymphatic (L) vessels, �̃�𝐶ℎ𝑒𝐵,𝑡𝑎𝑓, �̃�𝐶ℎ𝑒𝐿,𝑡𝑎𝑓, �̃�𝐻𝑎𝑝𝐵,𝐸, �̃�𝐻𝑎𝑝𝐿,𝐸, 

�̃�𝐶ℎ𝑒𝐵,𝐵𝑛𝐸,𝑡𝑎𝑓, �̃�𝐶ℎ𝑒𝐿,𝐿𝑛𝐸,𝑡𝑎𝑓, �̃�𝐻𝑎𝑝𝐵,𝐵𝑛𝐸,𝐸, and �̃�𝐻𝑎𝑝𝐿,𝐿𝑛𝐸,𝐸 in Eqs. (1.4.23) & (1.4.24) can be 

decompressed as the following: 

 

�̃�𝐶ℎ𝑒𝜎,𝑡𝑎𝑓 = [𝐴𝑥(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖+1
2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(𝑡𝑎�̃�)𝑖+1

2
,𝑗,𝑘

𝑎,𝑟,𝑛−1
− 𝐴𝑥(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖−1

2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(𝑡𝑎�̃�)𝑖−1

2
,𝑗,𝑘

𝑎,𝑟,𝑛

+ 𝐴𝑦(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖,𝑗+1
2
,𝑘

𝑎,𝑟−1
𝐷𝑦(𝑡𝑎�̃�)𝑖,𝑗+1

2
,𝑘

𝑎,𝑟,𝑛−1
− 𝐴𝑦(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖,𝑗−1

2
,𝑘

𝑎,𝑟−1
𝐷𝑦(𝑡𝑎�̃�)𝑖,𝑗−1

2
,𝑘

𝑎,𝑟,𝑛

+ 𝐴𝑧(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖,𝑗,𝑘+1
2

𝑎,𝑟−1
𝐷𝑧(𝑡𝑎�̃�)𝑖,𝑗,𝑘+1

2

𝑎,𝑟,𝑛−1
− 𝐴𝑧(𝒜𝑐ℎ𝑒,𝜎𝑛𝐸)𝑖,𝑗,𝑘−1

2

𝑎,𝑟−1
𝐷𝑧(𝑡𝑎�̃�)𝑖,𝑗,𝑘−1

2

𝑎,𝑟,𝑛
]

=  �̃�𝐶ℎ𝑒𝜎1 − �̃�𝐶ℎ𝑒𝜎2 + �̃�𝐶ℎ𝑒𝜎3 − �̃�𝐶ℎ𝑒𝜎4 + �̃�𝐶ℎ𝑒𝜎5 − �̃�𝐶ℎ𝑒𝜎6

 

(1.4.32) 

 

�̃�𝐻𝑎𝑝𝜎,𝐸 = [𝐴𝑥(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖+1
2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(�̃�𝐸)𝑖+1

2
,𝑗,𝑘

𝑎,𝑟,𝑛−1
− 𝐴𝑥(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖−1

2
,𝑗,𝑘

𝑎,𝑟−1
𝐷𝑥(�̃�𝐸)𝑖−1

2
,𝑗,𝑘

𝑎,𝑟,𝑛

+ 𝐴𝑦(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖,𝑗+1
2
,𝑘

𝑎,𝑟−1
𝐷𝑦(�̃�𝐸)𝑖,𝑗+1

2
,𝑘

𝑎,𝑟,𝑛−1
− 𝐴𝑦(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖,𝑗−1

2
,𝑘

𝑎,𝑟−1
𝐷𝑦(�̃�𝐸)𝑖,𝑗−1

2
,𝑘

𝑎,𝑟,𝑛

+ 𝐴𝑧(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖,𝑗,𝑘+1
2

𝑎,𝑟−1
𝐷𝑧(�̃�𝐸)𝑖,𝑗,𝑘+1

2

𝑎,𝑟,𝑛−1
− 𝐴𝑧(𝒜ℎ𝑎𝑝,𝜎𝑛𝐸)𝑖,𝑗,𝑘−1

2

𝑎,𝑟−1
𝐷𝑧(�̃�𝐸)𝑖,𝑗,𝑘−1

2

𝑎,𝑟,𝑛
]

=  �̃�𝐻𝑎𝑝𝜎1 − �̃�𝐻𝑎𝑝𝜎2 + �̃�𝐻𝑎𝑝𝜎3 − �̃�𝐻𝑎𝑝𝜎4 + �̃�𝐻𝑎𝑝𝜎5 − �̃�𝐻𝑎𝑝𝜎6

 

(1.4.33) 
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�̃�𝐶ℎ𝑒𝜎,𝜎𝑛𝐸,𝑡𝑎𝑓  = �̃�𝐶ℎ𝑒𝜎1(�̃�𝑛
𝐸)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1 − �̃�𝐶ℎ𝑒𝜎2(�̃�𝑛

𝐸)𝑖−1,𝑗,𝑘
𝑎,𝑟,𝑛 + �̃�𝐶ℎ𝑒𝜎3(�̃�𝑛

𝐸)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

− �̃�𝐶ℎ𝑒𝜎4(�̃�𝑛
𝐸)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 + �̃�𝐶ℎ𝑒𝜎5(�̃�𝑛

𝐸)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 − �̃�𝐶ℎ𝑒𝜎6(�̃�𝑛

𝐸)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛

 
(1.4.34) 

 

�̃�𝐻𝑎𝑝𝜎,𝜎𝑛𝐸,𝐸  = �̃�𝐻𝑎𝑝𝜎1(�̃�𝑛
𝐸)𝑖+1,𝑗,𝑘
𝑎,𝑟,𝑛−1 − �̃�𝐻𝑎𝑝𝜎2(�̃�𝑛

𝐸)𝑖−1,𝑗,𝑘
𝑎,𝑟,𝑛 + �̃�𝐻𝑎𝑝𝜎3(�̃�𝑛

𝐸)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1

− �̃�𝐻𝑎𝑝𝜎4(�̃�𝑛
𝐸)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 + �̃�𝐻𝑎𝑝𝜎5(�̃�𝑛

𝐸)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 − �̃�𝐻𝑎𝑝𝜎6(�̃�𝑛

𝐸)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛

 
(1.4.35) 

 

Again, letting σ represent species in Eqs. (1.4.11) ‒ (1.4.17), (1.4.19) ‒ (1.4.21), (1.4.23) & (1.4.24), 

(�̃�𝜎
𝐷)𝑎,𝑟−1, (�̃�1

𝐷,𝜎)
𝑎,𝑟,𝑛−1

, and (�̃�2
𝐷,𝜎)

𝑎,𝑟,𝑛
 terms are given below:  

 

(�̃�𝜎
𝐷)𝑎,𝑟−1 = (�̃�𝜎)𝑖−1,𝑗,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗−1,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗,𝑘−1

𝑎,𝑟−1
+ 6 (�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1

+(�̃�𝜎)𝑖+1,𝑗,𝑘
𝑎,𝑟−1

+ (�̃�𝜎)𝑖,𝑗+1,𝑘
𝑎,𝑟−1

+ (�̃�𝜎)𝑖,𝑗,𝑘+1
𝑎,𝑟−1

 
(1.4.36) 

 

(�̃�1
𝐷,𝜎)

𝑎,𝑟,𝑛−1
= (�̃�)𝑖+1,𝑗,𝑘

𝑎,𝑟,𝑛−1 [(�̃�𝜎)𝑖,𝑗,𝑘
𝑎,𝑟−1

+ (�̃�𝜎)𝑖+1,𝑗,𝑘
𝑎,𝑟−1

] + (�̃�)𝑖,𝑗,𝑘+1
𝑎,𝑟,𝑛−1 [(�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗,𝑘+1

𝑎,𝑟−1
]

+(�̃�)𝑖,𝑗+1,𝑘
𝑎,𝑟,𝑛−1 [(�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗+1,𝑘

𝑎,𝑟−1
]

 
(1.4.37) 

 

(�̃�2
𝐷,𝜎)

𝑎,𝑟,𝑛
 

= (�̃�)𝑖,𝑗−1,𝑘
𝑎,𝑟,𝑛 [(�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗−1,𝑘

𝑎,𝑟−1
] + (�̃�)𝑖−1,𝑗,𝑘

𝑎,𝑟,𝑛 [(�̃�𝜎)𝑖,𝑗,𝑘
𝑎,𝑟−1

+ (�̃�𝜎)𝑖−1,𝑗,𝑘
𝑎,𝑟−1

]

+(�̃�)𝑖,𝑗,𝑘−1
𝑎,𝑟,𝑛 [(�̃�𝜎)𝑖,𝑗,𝑘

𝑎,𝑟−1
+ (�̃�𝜎)𝑖,𝑗,𝑘−1

𝑎,𝑟−1
]

 
(1.4.38) 

 

Note that the terms (�̃�𝛼
𝑘)𝑎,𝑟−1, (�̃�1

𝑘𝛼,𝑝
)
𝑎,𝑟,𝑛−1

, and (�̃�2
𝑘𝛼,𝑝)

𝑎,𝑟,𝑛
 in Eq. (1.4.6) are given in the same 

forms as shown in Eqs. (1.4.36), (1.4.37), and (1.4.38), respectively.  Refer to Supplementary Table 

6 for source terms, rates expressions, as well as their corresponding adjustment factors. 

 

In each relaxation sweep, the following parallel and sequential steps take place: 

 Solve Eqs. (1.4.1) – (1.4.5) simultaneously for (�̃�𝑉)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�𝐷)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (𝜇𝑇)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, and 

(𝜇𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

. 

 Solve Eqs. (1.4.6), (1.4.7), (1.4.11) – (1.4.17), and (1.4.19) – (1.4.21) by simple division for 

(�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (ℓ̃)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, (�̃�)

𝑖,𝑗.𝑘

𝑎,𝑟,𝑛
, (�̃�)𝑖,𝑗.𝑘

𝑎,𝑟,𝑛
, (�̃�)𝑖,𝑗.𝑘

𝑎,𝑟,𝑛
, (𝑡𝑔�̃�)

𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, 

(𝑡𝑎�̃�)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, and (�̃�)𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
. 

 Solve Eqs. (1.4.22) – (1.4.24) by simple division for (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�𝑛
𝐸)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
, and (�̃�𝑛

𝐸)
𝑖,𝑗,𝑘

𝑎,𝑟,𝑛
. 

 Update (�̃�𝛼)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�𝛽)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, (�̃�𝐸)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

, and (�̃�)𝑖,𝑗,𝑘
𝑎,𝑟,𝑛

 with Eqs. (1.4.8) ‒ (1.4.10), and (1.4.18). 



 

 After 𝑛 =   full relaxation sweeps at a grid level 𝜅, we arrive at 𝛙𝜅
𝑎,𝑟,

 represented by 

 

𝛙𝜅
𝑎,𝑟, = SMOOTH( , 𝛙𝜅

𝑎,𝑟,0, 𝑳𝜅 , 𝑹𝜅) (1.4.39) 

 

where 𝛙𝜅
𝑎,𝑟,0

 is the set of initial values used in the smoother.  In the model, the numbers of pre– and 

post– smoothing cycles may be different and are denoted by 1 and 2, respectively. 
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2        Supplementary Tables 

Supplementary Table 1 Dimensionless Diffusivities (from  (4)). 

Dimensionless 

Parameter 
Biological Representation 

Scaling 

Factor * 

Value  

Assigned  

�̃�𝑛 Effective diffusivity of O2 𝘋𝑛,𝑇 computed 

�̃�𝑛,𝐸 Diffusivity of O2 through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑛,𝑇 Diffusivity of O2 through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑛,𝐻 Diffusivity of O2 through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑔 Effective diffusivity of glucose 𝘋𝑛,𝑇 computed 

�̃�𝑔,𝐸 Diffusivity of glucose through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑔,𝑇 Diffusivity of glucose through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑔,𝐻 Diffusivity of glucose through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑤 Effective diffusivity of CO2 𝘋𝑛,𝑇 computed 

�̃�𝑤,𝐸 Diffusivity of CO2 through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑤,𝑇 Diffusivity of CO2 through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑤,𝐻 Diffusivity of CO2 through host regions 𝘋𝑛,𝑇 1.0 

�̃�ℓ Effective diffusivity of lactate 𝘋𝑛,𝑇 computed 

�̃�ℓ,𝐸 Diffusivity of lactate through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�ℓ,𝑇 Diffusivity of lactate through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�ℓ,𝐻 Diffusivity of lactate through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑏 Effective diffusivity of bicarbonate 𝘋𝑛,𝑇 computed 

�̃�𝑏,𝐸 Diffusivity of bicarbonate through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑏,𝑇 Diffusivity of bicarbonate through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑏,𝐻 Diffusivity of bicarbonate through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑎 Effective diffusivity of H
+
 ions 𝘋𝑛,𝑇 computed 

�̃�𝑎,𝐸 Diffusivity of H
+
 through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑎,𝑇 Diffusivity of H
+
 ions through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑎,𝐻 Diffusivity of H
+
 ions through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑠 Effective diffusivity of Na
+
 ions 𝘋𝑛,𝑇 computed 

�̃�𝑠,𝐸 Diffusivity of Na
+
 through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑠,𝑇 Diffusivity of Na
+
 ions through tumor regions 𝘋𝑛,𝑇 1.0 



Dimensionless 

Parameter 
Biological Representation 

Scaling 

Factor * 

Value  

Assigned  

�̃�𝑠,𝐻 Diffusivity of Na
+
 ions through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑔𝑓 Effective diffusivity of TGFs 𝘋𝑛,𝑇 computed 

�̃�𝑡𝑔𝑓,𝐸 Diffusivity of TGFs through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑔𝑓,𝑇 Diffusivity of TGFs through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑔𝑓,𝐻 Diffusivity of TGFs through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑎𝑓 Effective diffusivity of TAFs 𝘋𝑛,𝑇 computed 

�̃�𝑡𝑎𝑓,𝐸 Diffusivity of TAFs through ECM regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑎𝑓,𝑇 Diffusivity of TAFs through tumor regions 𝘋𝑛,𝑇 1.0 

�̃�𝑡𝑎𝑓,𝐻 Diffusivity of TAFs through host regions 𝘋𝑛,𝑇 1.0 

�̃�𝑚 Effective diffusivity of MDEs ℒ2 𝒯⁄  computed 

�̃�𝑚,𝐸 Diffusivity of MDEs through ECM regions ℒ2 𝒯⁄  0.05 

�̃�𝑚,𝑇 Diffusivity of MDEs through tumor regions ℒ2 𝒯⁄  0.01 

�̃�𝑚,𝐻 Diffusivity of MDEs through host regions ℒ2 𝒯⁄  0.01 

�̃�𝐹 Effective diffusivity of Myofibroblastic cells (MFC) �̿�𝐹 computed 

�̃�𝐹,𝐸 Diffusivity of MFCs through ECM regions �̿�𝐹 1.0 

�̃�𝐹,𝑇 Diffusivity of MFCs through tumor regions �̿�𝐹 0.0 

�̃�𝐹,𝐻 Diffusivity of MFCs through host regions �̿�𝐹 0.0 

�̃�𝐵𝑛𝐸 Effective diffusivity of ECS ℒ2 𝒯⁄  computed 

�̃�𝐵𝑛𝐸,𝐸 Diffusivity of ECs through ECM regions ℒ2 𝒯⁄  1.0 

�̃�𝐵𝑛𝐸,𝑇 Diffusivity of ECs through tumor regions ℒ2 𝒯⁄  0.0 

�̃�𝐵𝑛𝐸,𝐻 Diffusivity of ECs through host regions ℒ2 𝒯⁄  0.0 

�̃�𝐿𝑛𝐸 Effective diffusivity of LECs ℒ2 𝒯⁄  computed 

�̃�𝐿𝑛𝐸,𝐸 Diffusivity of LECs through ECM regions ℒ2 𝒯⁄  1.0 

�̃�𝐿𝑛𝐸,𝑇 Diffusivity of LECs through tumor regions ℒ2 𝒯⁄  0.0 

�̃�𝐿𝑛𝐸,𝐻 Diffusivity of LECs through host regions ℒ2 𝒯⁄  0.0 

* For example, �̃�𝑛 =  𝘋𝑛 𝘋𝑛,𝑇⁄  
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Supplementary Table 2 Dimensionless Rate Constants (from  (4)). 

Dimensionless 

Parameter 
Biological Representation 

Scaling 

Factor * 

Value  

Assigned  

λ̃𝑀,𝑉 Mitosis rate constant of viable tumor cells λ𝑀,𝑉 1.0 

λ̃𝑁,𝑉 Necrosis rate constant of viable tumor cells λ𝑀,𝑉 3.0 

λ̃𝐿,𝐷 Lysis rate constant of dead tumor cells λ𝑀,𝑉 1.0 

λ̃𝐹,𝐸 ECM rate of secretion by myofibroblastic cells �̃�𝛼λ𝑀,𝑉 𝐹𝑚𝑎𝑥⁄  5.0 

λ̃𝑑𝑒,𝐸 Degradation rate of ECM λ𝑀,𝑉 1.0 

λ̃𝐵,𝑛 
Apparent transfer coefficient of O2 via capillary 

network 
λ𝑈,𝑉,𝑛 computed 

λ̃𝐵,𝑛,𝐸 
Transfer coefficient of O2 via capillary network in 

ECM regions 
λ𝑈,𝑉,𝑛 0.1 

λ̃𝐵,𝑛,𝑇 
Transfer coefficient of O2 via capillary network in 

tumor regions 
λ𝑈,𝑉,𝑛 0.001 

λ̃𝐵,𝑛,𝐻 
Transfer coefficient of O2 via capillary network in 

host regions 
λ𝑈,𝑉,𝑛 0.01 

λ̃𝑈,𝑉,𝑛 Uptake rate constant of O2 by viable tumor cells λ𝑈,𝑉,𝑛 1.0 

λ̃𝑈,𝐻,𝑛 Uptake rate constant of O2 by healthy host cells λ𝑈,𝑉,𝑛 0.0001 

λ̃𝐵,𝑔 
Apparent transfer coefficient of glucose via 

capillary network 
λ𝑈,𝑉,𝑛 computed 

λ̃𝐵,𝑔,𝐸 
Transfer coefficient of glucose via capillary 

network in ECM regions 
λ𝑈,𝑉,𝑛 0.1 

λ̃𝐵,𝑔,𝑇 
Transfer coefficient of glucose via capillary 

network in tumor regions 
λ𝑈,𝑉,𝑛 0.001 

λ̃𝐵,𝑔,𝐻 
Transfer coefficient of glucose via capillary 

network in host regions 
λ𝑈,𝑉,𝑛 0.01 

λ̃𝑈,𝑉,𝑔 
Uptake rate constant of glucose by viable tumor 

cells 
λ𝑈,𝑉,𝑛 1.0 

λ̃𝑈,𝐻,𝑔 
Uptake rate constant of glucose by healthy host 

cells 
λ𝑈,𝑉,𝑛 0.0001 

λ̃𝐵,𝑤 
Apparent transfer coefficient of CO2 via capillary 

network 
λ𝑈,𝑉,𝑛 computed 

λ̃𝐵,𝑤,𝐸 
Transfer coefficient of CO2 via capillary network 

in ECM regions 
λ𝑈,𝑉,𝑛 1.0 

λ̃𝐵,𝑤,𝑇 
Transfer coefficient of CO2 via capillary network 

in tumor regions 
λ𝑈,𝑉,𝑛 1.0 

λ̃𝐵,𝑤,𝐻 Transfer coefficient of CO2 via capillary network λ𝑈,𝑉,𝑛 1.0 



Dimensionless 

Parameter 
Biological Representation 

Scaling 

Factor * 

Value  

Assigned  

in host regions 

�̃�𝑓 
Forward reaction rate of the dissolution of CO2 

and H2O 
λ𝑈,𝑉,𝑛 1.0 

�̃�𝑟 
Backward reaction rate of the dissolution of CO2 

and H2O 
λ𝑈,𝑉,𝑛/𝑛∞ 1.0 

λ̃𝐵,ℓ 
Apparent transfer coefficient of lactate via 

capillary network 
λ𝑈,𝑉,𝑛 computed 

λ̃𝐵,ℓ,𝐸 
Transfer coefficient of lactate via capillary 

network in ECM regions 
λ𝑈,𝑉,𝑛 1.0 

λ̃𝐵,ℓ,𝑇 
Transfer coefficient of lactate via capillary 

network in tumor regions 
λ𝑈,𝑉,𝑛 0.1 

λ̃𝐵,ℓ,𝐻 
Transfer coefficient of lactate via capillary 

network in host regions 
λ𝑈,𝑉,𝑛 0.5 

λ̃𝑉,𝑡𝑔𝑓 
Production rate constant of TGFs by viable tumor 

cells 
λ𝑈,𝑉,𝑛 0.2 

λ̃𝑑𝑒,𝑡𝑔𝑓 Degradation rate constant of TGFs λ𝑈,𝑉,𝑛 0.05 

λ̃𝑈,𝑉,𝑡𝑔𝑓 
Uptake rate constant of TGFs by viable tumor 

cells 
λ𝑈,𝑉,𝑛 0.0 

λ̃𝑉,𝑡𝑎𝑓 
Production rate constant of TAFs by viable tumor 

cells 
λ𝑈,𝑉,𝑛 0.2 

λ̃𝑑𝑒,𝑡𝑎𝑓 Degradation rate constant of TAFs λ𝑈,𝑉,𝑛 0.05 

λ̃𝑈,𝐵,𝑡𝑎𝑓 
Uptake rate constant of TAFs by proliferating 

ECs 
λ𝑈,𝑉,𝑛 𝐵𝑚𝑎𝑥⁄  0.0011574 

λ̃𝑈,𝐿,𝑡𝑎𝑓 
Uptake rate constant of TAFs by proliferating 

LECs 
λ𝑈,𝑉,𝑛 𝐿𝑚𝑎𝑥⁄  0.0011574 

λ̃𝑉,𝑚 
Production rate constant of MDEs by viable 

tumor cells 
λ𝑀,𝑉 0.2 

λ̃𝑑𝑒,𝑚 Decay rate constant of MDEs λ𝑀,𝑉 5.0 

λ̃𝑀,𝐹𝐸 Mitosis rate constant of MFCs λ𝑀,𝑉 0.1 

λ̃𝐴,𝐹𝐸  Apoptosis rate constant of MFCs λ𝑀,𝑉 0.1 

λ̃𝑁,𝐹𝐸 Necrosis rate constant of MFCs λ𝑀,𝑉 0.3 

λ̃𝑚,𝐵𝑛𝐸 Maximum mitosis rate constant of ECs λ𝑀,𝑉 1.0 

λ̃𝑐𝑟𝑢𝑠ℎ,𝐵𝑛𝐸 
Maximum degradation rate constant of new blood 

vessels due to cell pressure 
λ𝑀,𝑉 1.0 

λ̃𝑟𝑒,𝐵𝑛𝐸 Remodeling rate constant of new blood vessels by λ𝑀,𝑉 𝑚𝑠𝑎𝑡⁄  1.0 
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Dimensionless 

Parameter 
Biological Representation 

Scaling 

Factor * 

Value  

Assigned  

MDEs 

λ̃𝑚,𝐿𝑛𝐸 Maximum mitosis rate constant of LECs λ𝑀,𝑉 1.0 

λ̃𝑐𝑟𝑢𝑠ℎ,𝐿𝑛𝐸 
Maximum degradation rate constant of new 

lymphatic vessels due to cell pressure 
λ𝑀,𝑉 1.0 

λ̃𝑟𝑒,𝐿𝑛𝐸 
Remodeling rate constant of new lymphatic 

vessels by MDEs 
λ𝑀,𝑉 𝑚𝑠𝑎𝑡⁄  1.0 

* For example, λ̃𝑁,𝑉 = λ𝑁,𝑉 λ𝑀,𝑉⁄ . 

 

 

  



Supplementary Table 3 Mobility, Motilities, and Taxis Coefficients (from  (4)). 

Dimensionless 

Parameter 
Biological Representation Scaling Factor* 

Value 

Assigned 

�̃� Mobility of cell species ℳ 0.1 

�̃�𝛼 Motility of the solid phase (cells) �̿�𝛼 Computed
†
 

�̃�𝑇 Motility of the tumor cell phase �̿�𝛼 10.0 

�̃�𝐸 Motility of the ECM phase �̿�𝛼 10.0 

�̃�𝐻 Motility of the healthy host cell phase �̿�𝛼 10.0 

�̃�𝛽 Motility of the fluid phase (interstitial fluid) �̿�𝛽 1.0 

χ̃𝑐ℎ𝑒,𝐵𝑛𝐸 Chemotaxis coefficient of ECs ℒ2 (𝒯 𝑡𝑎𝑓𝑠𝑎𝑡)⁄  1.0 

χ̃ℎ𝑎𝑝,𝐵𝑛𝐸 Haptotaxis coefficient of ECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

�̃�ℎ𝑎𝑝,𝐵𝑛𝐸
𝑚𝑎𝑥  Maximum haptotaxis coefficient of ECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

�̃�ℎ𝑎𝑝,𝐵𝑛𝐸
𝑚𝑖𝑛  Minimum haptotaxis coefficient of ECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

χ̃𝑐ℎ𝑒,𝐿𝑛𝐸 Chemotaxis coefficient of LECs ℒ2 (𝒯 𝑡𝑎𝑓𝑠𝑎𝑡)⁄  1.0 

χ̃ℎ𝑎𝑝,𝐿𝑛𝐸 Haptotaxis coefficient of LECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

�̃�ℎ𝑎𝑝,𝐿𝑛𝐸
𝑚𝑎𝑥  Maximum haptotaxis coefficient of LECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

�̃�ℎ𝑎𝑝,𝐿𝑛𝐸
𝑚𝑖𝑛  Minimum haptotaxis coefficient of LECs ℒ2 (𝒯 �̃�𝛼)⁄  1.0 

All nondimensionalized chemotaxis and haptotaxis coefficients are set to 1 as an initial value in this 

study.  A wider range of values will be tested and analyzed in future work. 

* For example, �̃�𝑐ℎ𝑒,𝐵𝑛𝐸 = 𝜒𝑐ℎ𝑒,𝐵𝑛𝐸𝒯 𝑡𝑎𝑓𝑠𝑎𝑡 ℒ
2⁄  . 

† The solid phase motility �̃�𝛼 is computed from �̃�𝐸, �̃�𝑇, and �̃�𝐻 using Eq.(2.38) by replacing �̃�𝑖 with 

�̃�𝑖. 
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Supplementary Table 4 Dimensionless Constants (from  (4)). 

Dimensionless 

Constant 
Biological Representation Scaling Factors* 

Value 

Assigned 

𝜖̃𝑇 Interaction strength for tumor cells 𝜖 ̿ 0.05 

𝜖�̃� Interaction strength for ECM 𝜖 ̿ 0.05 

𝜖̃𝑇𝐸 
Interaction strength between tumor cells 

and ECM 
𝜖 ̿ 0.02 

𝜖�̃� Strain energy coefficient 𝜖�̿� 0.001 

�̃�ℎ Hypoxic level of O2 𝑛∞ 0.3 

�̃�𝐶  O2 level in capillaries 𝑛∞ 1.0 

�̃�𝐶 Glucose level in capillaries 𝑔∞ 1.0 

�̃�𝐶 CO2 level in capillaries 𝑛∞ 0.0 

ℓ̃𝐶 Lactate level in capillaries 𝑛∞ 0.0 

�̃�𝑣,𝑉 O2 viability limit of viable tumor cells 𝑛∞ 0.21 

�̃�𝑣,𝐹 O2 viability limit of MFCs 𝑛∞ 0.21 

�̃�𝑣,𝑉 
Glucose viability limit of viable tumor 

cells 
𝑔∞ 0.1 

�̃�ℓ Charge of a lactate ion 𝑧𝑎 -1.0 

�̃�𝑏 Charge of a bicarbonate ion 𝑧𝑎 -1.0 

�̃�𝑠 Charge of Na
+
 𝑧𝑎 1.0 

�̃�𝑟 Charge of Cl
–
  𝑧𝑎 -1.0 

𝑡𝑔�̃�𝐹𝐸  
Threshold level of 𝑡𝑔𝑓 corresponding 

to the onset of the upregulation of 

myofibroblastic cell proliferation 
𝑡𝑔𝑓𝑠𝑎𝑡 0.1 

𝑡𝑎�̃�𝐵𝑛 
Threshold level of 𝑡𝑎𝑓 corresponding 

to the onset of EC proliferation 
𝑡𝑎𝑓𝑠𝑎𝑡 0.2 

𝑡𝑎�̃�𝐿𝑛 
Threshold level of 𝑡𝑎𝑓 corresponding 

to the onset of LEC proliferation 
𝑡𝑎𝑓𝑠𝑎𝑡 0.2 

(ℰ̃𝐸
∗)
𝑖𝑗

 Eigenstrain for the ECM component ℰ̿ 1.0 

(ℰ̃𝐶
∗)
𝑖𝑗

 Eigenstrain for the cell components ℰ̿ 0.0 

�̃�1
𝐸  Lamé constants for ECM component 𝐿2

𝐸  1.0 

�̃�1
𝐶  Lamé constants for cell components 𝐿2

𝐸  1.0 

�̃�2
𝐶  Lamé constants for cell components 𝐿2

𝐸  1.0 



Dimensionless 

Constant 
Biological Representation Scaling Factors* 

Value 

Assigned 

(�̃�𝐸)𝑚𝑖𝑛,𝐵𝑛 
Concentration of ECM macromolecules 

corresponding to the minimum EC 

haptotaxis strength 
�̃�𝛼 0.2 

(�̃�𝐸)𝑚𝑎𝑥,𝐵𝑛 
Concentration of ECM macromolecules 

corresponding to the maximum EC 

haptotaxis strength 
�̃�𝛼 0.8 

(�̃�𝐸)𝑚𝑖𝑛,𝐿𝑛 
Concentration of ECM macromolecules 

corresponding to the minimum LEC 

haptotaxis strength 
�̃�𝛼 0.2 

(�̃�𝐸)𝑚𝑎𝑥,𝐿𝑛 
Concentration of ECM macromolecules 

corresponding to the maximum LEC 

haptotaxis strength 
�̃�𝛼 0.8 

𝑝𝑡,𝐵 
Threshold pressure corresponding to the 

onset of blood vessel loss 
𝒫 0.6 

 𝑝𝑡,𝐿 
Threshold pressure corresponding to the 

onset of lymphatic vessel loss 
𝒫 0.6 

𝑝𝑐,𝐵𝑛 
Threshold pressure corresponding to the 

maximum rate of neo-blood vessel loss 
𝒫 0.8 

𝑝𝑐,𝐿𝑛 

Threshold pressure corresponding to the 

maximum rate of neo-lymphatic vessel 

loss 
𝒫 0.8 

* For example, �̃�ℎ = 𝑛ℎ 𝑛∞⁄  . 
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Supplementary Table 5 Scaling Factors (from  (4)). 

Dimensional 

Scaling Factor 
Biological Representation Expression 

ℒ Characteristic length √
𝐷𝑇,𝑛
λ𝑈,𝑉,𝑛

 

𝒯 Characteristic time 
1

λ𝑀,𝑉
 

𝒫 Characteristic cell pressure 
ℒ2

�̿�𝛼  𝒯
 

𝒬 Characteristic fluid pressure 
ℒ2

�̿�𝛽𝒯
 

ℳ Characteristic mobility 
 ℒ2

𝒯 𝐸𝑎∗
 

𝜖  ̿ Characteristic interaction strength ℒ√
𝐸𝑎∗

�̃�𝛼
 

ℰ̿ Characteristic Strain √
𝐸𝑎∗�̃�𝛼

𝐸𝑒∗𝜖�̿�2
𝐸 

�̿�𝐹 Characteristic Myofibroblastic diffusivity 
ℒ2

𝒯 𝑡𝑔𝑓𝑠𝑎𝑡
 

 

 

 



   

Supplementary Table 6 Source Terms, Rates, and Adjustment Factors (adapted 

from  (4)). 

From Equations (2.1): 

�̃�𝑉 = λ̃𝑀,𝑉𝒜𝑀,𝑉�̃�𝑉 − λ̃𝑁,𝑉𝒜𝑁,𝑉�̃�𝑉 

 𝒜𝑀,𝑉 = �̃�(1 + 𝑡𝑔�̃�)ℋ(�̃� − �̃�ℎ) 

 𝒜𝑁,𝑉 = 1 −ℋ(�̃� − �̃�𝑣,𝑉)ℋ(�̃� − �̃�𝑣,𝑉) 

From Equation (2.2): 

�̃�𝐷 = λ̃𝑁,𝑉𝒜𝑁,𝑉�̃�𝑉 − λ̃𝐿,𝐷𝒜𝐿,𝐷�̃�𝐷 

 𝒜𝐿,𝐷 = 1 

From Equation (2.3): 

�̃�𝐸 = λ̃𝐹,𝐸𝒜𝐹,𝐸�̃� − λ̃𝑑𝑒,𝐸𝒜𝑑𝑒,𝐸�̃�𝐸 

 
𝒜𝐹,𝐸 = (1 − �̃�𝑇 − �̃�𝐸)(1 + 𝑡𝑔�̃�) [1 + ℱ𝑛,𝐸

𝐹
�̃�ℎ − �̃�

�̃�ℎ − �̃�𝑣,𝐹
ℋ(�̃�ℎ − �̃�)]ℋ(�̃� − �̃�𝑣,𝐹)ℋ(𝑡𝑔�̃�

− 𝑡𝑔�̃�𝐹,𝐸)ℋ(1 − �̃�𝑇 − �̃�𝐸) 

 𝒜𝑑𝑒,𝐸 = �̃� 

 

From Equation (2.22): 

�̃�𝑛1 = λ̃𝐵,𝑛𝒜𝐵,𝑛 

�̃�𝑛2 = λ̃𝑈,𝑉,𝑛𝒜𝑈,𝑉,𝑛 + λ̃𝑈,𝐻,𝑛𝒜𝑈,𝐻,𝑛 

 
𝒜𝐵,𝑛 = 𝒜𝐵,𝑔 = 𝒜𝐵,𝑤 = 𝒜𝐵,ℓ = (�̃�)𝑄3 (1 −

𝑝

𝑝𝑡,𝐵
)ℋ(𝑝𝑡,𝐵 − 𝑝) 

 𝒜𝑈,𝑉,𝑛 = �̃�𝑉 

 𝒜𝑈,𝐻,𝑛 = �̃�𝐻 

 

From Equation (2.23): 

�̃�𝑔1 = λ̃𝐵,𝑔𝒜𝐵,𝑔 

�̃�𝑔2 = λ̃𝑈,𝑉,𝑔𝒜𝑈,𝑉,𝑔 + λ̃𝑈,𝐻,𝑔𝒜𝑈,𝐻,𝑔 

 
𝒜𝐵,𝑔 = (�̃�)𝑄3 (1 −

𝑝

𝑝𝑡,𝐵
)ℋ(𝑝𝑡,𝐵 − 𝑝) 

 𝒜𝑈,𝑉,𝑔 = �̃�𝑉 
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 𝒜𝑈,𝐻,𝑔 = �̃�𝐻 

 

From Equation (2.24): 

�̃�𝑤 = λ̃𝐵,𝑤𝒜𝐵,𝑤 

 
𝒜𝐵,𝑤 = (�̃�)𝑄3 (1 −

𝑝

𝑝𝑡,𝐵
)ℋ(𝑝𝑡,𝐵 − 𝑝) 

 

From Equation (2.25): 

�̃�ℓ = λ̃𝐵,ℓ�̃�𝐵,ℓ 

 
𝒜𝐵,ℓ = (�̃�)𝑄3 (1 −

𝑝

𝑝𝑡,𝐵
)ℋ(𝑝𝑡,𝐵 − �̃�) 

 

From Equation (2.30): 

λ̃𝑡𝑔𝑓 = λ̃𝑉,𝑡𝑔𝑓𝒜𝑉,𝑡𝑔𝑓 

λ̃𝑈,𝑡𝑔𝑓 = λ̃𝑈,𝑉,𝑡𝑔𝑓𝒜𝑈,𝑉,𝑡𝑔𝑓 

 𝒜𝑉,𝑡𝑔𝑓 = �̃�𝑉 

 𝒜𝑈,𝑉,𝑡𝑔𝑓 = �̃�𝑉 

 

From Equation (2.31): 

λ̃𝑡𝑎𝑓 = λ̃𝑉,𝑡𝑎𝑓𝒜𝑉,𝑡𝑎𝑓 

λ̃𝑈,𝑡𝑎𝑓 = λ̃𝑈,𝐵,𝑡𝑎𝑓𝒜𝑈,𝐵,𝑡𝑎𝑓  + λ̃𝑈,𝐿,𝑡𝑎𝑓𝒜𝑈,𝐿,𝑡𝑎𝑓  

 
𝒜𝑉,𝑡𝑎𝑓 = �̃�𝑉 [1 + ℱ𝑛,𝑡𝑎𝑓

𝑉
�̃�ℎ − �̃�

�̃�ℎ − �̃�𝑣,𝑉
ℋ(�̃�ℎ − �̃�)]ℋ(�̃� − �̃�𝑣,𝑉), 𝑤ℎ𝑒𝑟𝑒 ℱ𝑛,𝑡𝑎𝑓

𝑉 = 1 

 𝒜𝑈,𝐵,𝑡𝑎𝑓 = �̃�𝑛 

 𝒜𝑈,𝐿,𝑡𝑎𝑓 = �̃�𝑛 

 

From Equation (2.32): 

�̃�𝑚 = λ̃𝑉,𝑚𝒜𝑉,𝑚(1 − �̃�) − λ̃𝑑𝑒,𝑚�̃� − 𝑅𝑡𝑎𝑓,𝑚𝑅λ(�̃�𝑈,𝐵,𝑡𝑎𝑓 + �̃�𝑈,𝐿,𝑡𝑎𝑓) 

 𝒜𝑉,𝑚 = �̃�𝑉 

 𝑅λ = 8.64 × 10
3
 

 𝑅𝑡𝑎𝑓,𝑚 = 𝑡𝑎𝑓𝑠𝑎𝑡 𝑚𝑠𝑎𝑡⁄ = 1 



  Supplementary Material 

 30 

 

From Equation (2.33): 

�̃�𝐹𝐸 = λ̃𝑀,𝐹𝐸𝒜𝑀,𝐹𝐸�̃�𝐸 − λ̃𝐴,𝐹𝐸𝒜𝐴,𝐹𝐸�̃�𝐸 − λ̃𝑁,𝐹𝐸𝒜𝑁,𝐹𝐸�̃�𝐸 

 
𝒜𝑀,𝐹𝐸 = (1 − 𝐹𝐸)𝑄3 (

�̃� − �̃�ℎ
1 − �̃�ℎ

) [1 + ℱ𝑡𝑔𝑓,𝐹
𝑀  𝑡𝑔�̃� ℋ(𝑡𝑔�̃� − 𝑡𝑔�̃�𝐹𝐸)]ℋ(�̃� − �̃�ℎ),

𝑤ℎ𝑒𝑟𝑒 ℱ𝑡𝑔𝑓,𝐹
𝑀 = 2 

 𝒜𝑁,𝐹𝐸 = 1 −ℋ(�̃� − �̃�𝑣,𝐹)ℋ(�̃� − �̃�𝑣,𝐹) 

 𝒜𝐴,𝐹𝐸 = 1 

 

From Equation (2.36): 

𝒜𝑐ℎ𝑒,𝐵𝑛𝐸 = ℱ𝐵𝑛 where the effect of TAF is not considered. 

𝒜ℎ𝑎𝑝,𝐵𝑛𝐸

=

{
 
 

 
 ̃𝐵𝑛 ℱ𝐵𝑛   �̃�𝐸 < (�̃�𝐸)𝑚𝑖𝑛,𝐵𝑛 𝑎𝑛𝑑 �̃�𝐸 > (�̃�𝐸)𝑚𝑎𝑥,𝐵𝑛

[(1 − ̃𝐵𝑛)𝑄4 (
(�̃�𝐸)𝑚𝑎𝑥,𝐵𝑛 − �̃�𝐸

(�̃�𝐸)𝑚𝑎𝑥,𝐵𝑛 − (�̃�𝐸)𝑚𝑖𝑛,𝐵𝑛
) + ̃𝐵𝑛]ℱ𝐵𝑛   (�̃�𝐸)𝑚𝑖𝑛,𝐵𝑛 ≤ �̃�𝐸 ≤ (�̃�𝐸)𝑚𝑎𝑥,𝐵𝑛

 

 
where  ̃𝐵𝑛 =

�̃�ℎ𝑎𝑝,𝐵𝑛
𝑚𝑖𝑛

�̃�ℎ𝑎𝑝,𝐵𝑛
𝑚𝑎𝑥  

 

From Equation (2.37): 

𝒜𝑐ℎ𝑒,𝐿𝑛𝐸 = ℱ𝐿𝑛 where the effect of TAF is not considered. 

𝒜ℎ𝑎𝑝,𝐿𝑛𝐸

=

{
 
 

 
 ̃𝐿𝑛 ℱ𝐿𝑛   �̃�𝐸 < (�̃�𝐸)𝑚𝑖𝑛,𝐿𝑛 𝑎𝑛𝑑 �̃�𝐸 > (�̃�𝐸)𝑚𝑎𝑥,𝐿𝑛

[(1 − ̃𝐿𝑛)𝑄4 (
(�̃�𝐸)𝑚𝑎𝑥,𝐿𝑛 − �̃�𝐸

(�̃�𝐸)𝑚𝑎𝑥,𝐿𝑛 − (�̃�𝐸)𝑚𝑖𝑛,𝐿𝑛
) + ̃𝐿𝑛]ℱ𝐿𝑛   (�̃�𝐸)𝑚𝑖𝑛,𝐿𝑛 ≤ �̃�𝐸 ≤ (�̃�𝐸)𝑚𝑎𝑥,𝐿𝑛

 

 
where  ̃𝐿𝑛 =

�̃�ℎ𝑎𝑝,𝐿𝑛
𝑚𝑖𝑛

�̃�ℎ𝑎𝑝,𝐿𝑛
𝑚𝑎𝑥  

 

From Equation (2.34): 

�̃�𝐵𝑛𝐸 = λ̃𝑚,𝐵𝑛𝐸  𝒜𝑚,𝐵𝑛𝐸  �̃�𝑛
𝐸  − λ̃𝑟𝑒,𝐵𝑛𝐸  𝒜𝑟𝑒,𝐵𝑛𝐸  �̃� �̃�𝑛

𝐸  −  λ̃𝑐𝑟𝑢𝑠ℎ,𝐵𝑛𝐸  𝒜𝑐𝑟𝑢𝑠ℎ,𝐵𝑛𝐸  �̃�𝑛
𝐸 

 
𝒜𝑚,𝐵𝑛𝐸 = ℱ𝐵𝑛𝑄3 (

𝑡𝑎�̃� − 𝑡𝑎�̃�𝐵𝑛

1 − 𝑡𝑎�̃�𝐵𝑛
)ℋ(𝑡𝑎�̃� − 𝑡𝑎�̃�𝐵𝑛)  
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𝒜𝑟𝑒,𝐵𝑛𝐸 = ℱ𝐵𝑛𝑄3 (

𝑡𝑎�̃� − 𝑡𝑎�̃�𝐵𝑛

1 − 𝑡𝑎�̃�𝐵𝑛
)ℋ(𝑡𝑎�̃� − 𝑡𝑎�̃�𝐵𝑛) 

 𝒜𝑐𝑟𝑢𝑠ℎ,𝐵𝑛𝐸 = ℋ(𝑝 − 𝑝𝑐,𝐵𝑛) 

 

From Equation (2.35): 

�̃�𝐿𝑛𝐸 = λ̃𝑚,𝐿𝑛𝐸  𝒜𝑚,𝐿𝑛𝐸  �̃�𝑛
𝐸  −  λ̃𝑟𝑒,𝐿𝑛𝐸  𝒜𝑟𝑒,𝐿𝑛𝐸  �̃� �̃�𝑛

𝐸  − λ̃𝑐𝑟𝑢𝑠ℎ,𝐿𝑛𝐸  𝒜𝑐𝑟𝑢𝑠ℎ,𝐿𝑛𝐸  �̃�𝑛
𝐸  

 
𝒜𝑚,𝐿𝑛𝐸 = ℱ𝐿𝑛𝑄3 (

𝑡𝑎�̃� − 𝑡𝑎�̃�𝐿𝑛

1 − 𝑡𝑎�̃�𝐿𝑛
)ℋ(𝑡𝑎�̃� − 𝑡𝑎�̃�𝐿𝑛) 

 
𝒜𝑟𝑒,𝐿𝑛𝐸 = ℱ𝐿𝑛𝑄3 (

𝑡𝑎�̃� − 𝑡𝑎�̃�𝐿𝑛

1 − 𝑡𝑎�̃�𝐿𝑛
)ℋ(𝑡𝑎�̃� − 𝑡𝑎�̃�𝐿𝑛) 

 𝒜𝑐𝑟𝑢𝑠ℎ,𝐿𝑛𝐸 = ℋ(𝑝 − 𝑝𝑐,𝐿𝑛) 
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